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Introduction
Since the middle of the 20th century, algebraic number theory have been devel-
oping with “Iwasawa theory”, which was initiated by K. Iwasawa with the study
of Zp-extensions of algebraic number fields. One of the main theme in Iwasawa
theory is the behaviour of the p-Sylow subgroups of the ideal class groups over
the Zp-extensions for each prime number p. The behaviour is closely related to
p-adic L-functions and the properties of units on the Zp-extensions by Iwasawa
main conjecture ( the theorem of Mazur and Wiles ) and the results concerning
Greenberg’s conjecture etc.. Such a beautiful and mysterious phenomenon have
attracted many mathematicians. At present, the Iwasawa theoretical objects are
not only the ideal class groups but also other many mathematical objects, e.g., the
elliptic curves and the other abelian varieties.
By the class field theory, the p-Sylow subgroup of the ideal class group is iso-
morphic to the Galois group of the maximal unramified abelian p-extension, and
these abelian groups have finite order. On the other hand, p-“class field tower” is
an inductive sequence generated by Hilbert p-class fields, and can be regarded as
the maximal unramified pro-p-extension. By the theorem of Golod and ˇSafarevicˇ,
the Galois group of the maximal unramified pro-p-extension of an algebraic num-
ber field can be an infinite group. The structure of the Galois group is closely
related to the capitulation problem etc., so that p-class field tower has more in-
formation about the behaviour of ideals. Furthermore, there are some conjectures
concerning the structure, e.g., Fontaine-Mazur conjecture. However, no general
results concerning the structure is known. The Galois group of p-class field tower
is one of the most mysterious objects in algebraic number theory.
In the present thesis, we shall consider the Galois groups of the maximal un-
ramified pro-p-extension of number fields, i.e., the p-class field towers as Iwasawa
theoretical objects, and investigate the behaviour and the structure of the groups
over the Zp-extensions relating with Greenberg’s conjecture.
1
Let p be a prime number and k a finite extension of the field Q of rational
numbers. The Zp-extension k∞/k is an infinite Galois extension with the Galois
group Γ = Gal(k∞/k) isomorphic to the additive group of the ring Zp of p-adic
integers. Especially, for any prime number p and number field k, there exists a
“cyclotomic” Zp-extension k∞/k which is contained in a field k(µp∞) constituted
by all elements of k and the group µp∞ of the p-th power roots of unity. For each
positive integer n, there is unique cyclic extension kn/k of degree pn contained
in k∞, which is called “n-th layer” of k∞/k. Thus, a Zp-extension k∞/k can be
regarded as a tower
k = k0 ⊂ k1 ⊂ k2 ⊂ · · · ⊂ kn ⊂ · · · ⊂ k∞.
Let X = lim←−A(kn) be the inverse limit of the p-Sylow subgroups A(kn) of the
ideal class groups of kn with respect to the norm maps. By the natural action
of Γ, X becomes a module over the complete group ring Λ = Zp[[Γ]] and is
called “Iwasawa module” of k∞/k. We shall identify the group ring Λ with
the ring Zp[[T ]] of power series by the identification of a generator γ of Γ with
1 + T . By the class field theory, the Iwasawa module X is isomorphic to the Ga-
lois group Gal(L(k∞)/k∞) of the maximal unramified abelian pro-p-extension
L(k∞) of k∞. By the investigation of the Λ-module structure of Iwasawa mod-
ule X, Iwasawa proved the following (cf. [20] [21]): There exist non-negative
integers λ(k∞/k), µ(k∞/k) and an integer ν(k∞/k), which are called “Iwasawa
invariants”, such that the order #A(kn) of A(kn) satisfies
Iwasawa’s class number formula . #A(kn) = pλ(k∞/k)n+µ(k∞/k)p
n+ν(k∞/k)
for all sufficiently large n. We can see that the Iwasawa module X is finite if and
only if λ(k∞/k) = µ(k∞/k) = 0. Further, it is known that the Iwasawa module
X is finitely generated over Zp if and only if µ(k∞/k) = 0. Iwasawa conjectured
that µ(k∞/k) = 0 for any cyclotomic Zp-extensions k∞/k. It is proved by Ferrero
and Washington [6] that µ(k∞/k) = 0 for all cyclotomic Zp-extensions k∞/k of
finite abelian extensions k of Q.
For a prime number p and a finite extension k of Q, the p-class field tower of
k is a sequence of the fields
k = L0(k) ⊂ L1(k) ⊂ L2(k) ⊂ · · · ⊂ Ln(k) ⊂ · · · ⊂ L(k)
associated to the derived series of the Galois group Gal(L(k)/k) of the max-
imal unramified pro-p-extension L(k)/k. Inductively, the field Ln+1(k) is the
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Hilbert p-class field of Ln(k), i.e., Ln+1(k)/Ln(k) is the maximal unramified p-
extension for all non-negative integers n. By the class field theory, the Galois
group Gal(Ln+1(k)/Ln(k)) is isomorphic to the p-Sylow subgroup A(Ln(k)) of
the ideal class group of Ln(k), and these are finite abelian p-groups. So that the
Galois group Gal(L(k)/k) is finitely generated pro-p-group whose derived se-
ries has finite factors. Further, it is known that the Galois group Gal(L(k)/k) is
finitely presented, and can be an infinite pro-p-group by Golod and ˇSafarevicˇ (cf.
[35] [27] etc.). The theorem of Golod and ˇSafarevicˇ states that the p-class field
tower becomes infinite if the rank of A(k) is sufficiently large compared with the
rank of unit group. However, in general, other many properties concerning the
structure, e.g., cohomological dimension, are not yet known. It is conjectured by
Fontaine and Mazur that the Galois group Gal(L(k)/k) has no infinite p-adic an-
alytic quotient (cf. [40] [27] etc.). The p-class field tower of k is called infinite
( resp. finite ), or it is called k has infinite ( resp. finite ) p-class field tower, if
the Galois group Gal(L(k)/k) is infinite ( resp. finite ) group, i.e., the p-class
field tower of k is infinite ( resp. finite ) sequence. The p-class field tower of k is
called abelian, or it is called k has abelian p-class field tower, if the Galois group
Gal(L(k)/k) is abelian group, i.e., L1(k) = L(k).
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The main object in the studies of Iwasawa theory on class field towers is the
Galois group
G = Gal(L(k∞)/k∞)
of the maximal unramified pro-p-extension L(k∞) of a Zp-extension k∞ of a fi-
nite extension k of Q. The Galois group G is isomorphic to the inverse limit
lim←−Gal(L(kn)/kn) of the Galois groups Gal(L(kn)/kn) with respect to the re-
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striction maps. Here, L(kn)/kn is the maximal unramified pro-p-extension of n-
th layer kn of the Zp-extension k∞/k. Then, the maximal abelian quotient group
Gab is isomorphic to the Iwasawa module X ' Gal(L(k∞)/k∞). By the theorem
of Ferrero and Washington, the Galois group G is finitely generated pro-p-group
if k∞ is a cyclotomic Zp-extension of abelian number field k. For the cyclotomic
Zp-extension of certain CM-fields, K. Wingberg proved the following theorem (cf.
[39]).
Theorem (Wingberg). Let p be an odd prime number and k∞/k a cyclotomic
Zp-extension of a CM-field k with maximal totally real subfield k+, which con-
tains all p-th roots of unity. Assume that no prime of k+ above p splits in k and
µ(k∞/k) = 0. Then the Galois group G = Gal(L(k∞)/k∞) of the maximal
unramified pro-p-extension is a free pro-p-group of rank λ(k∞/k), if and only if
λ(k+∞/k
+) = µ(k+∞/k
+) = ν(k+∞/k
+) = 0 for cyclotomic Zp-extension k+∞/k+.
On the other hand, for any Zp-extension k∞/k with µ(k∞/k) = 0, M. Ozaki
showed the analogy of Iwasawa’s class number formula for the factors of lower
central series of the Galois group Gal(L(kn)/kn) of the maximal unramified pro-
p-extension L(kn)/kn. Further, in the case p = 2 and 3, he gave many examples
of imaginary quadratic fields k such that the Galois group G becomes a free pro-p-
group for cyclotomic Zp-extension k∞/k (cf. [31] [32]). It is known that, for any
non-negative integer r, there exists a cyclotomic Z3-extension k∞/k of CM-fields
such that the Galois group G is a free pro-3-group of rank r (cf. [10]). In addition
to these results, see also the recent works of S. Fujii [9] and K. Okano [28].
As in the above results, the free pro-p-groups appear as the Galois group G
in the cyclotomic case of CM-fields with weak effects of totally real parts. It
seems that the totally real parts, e.g., unit groups, strongly affect the structure of
the Galois group G. Then, what kind of structure appears as the Galois group
G with what effects of totally real parts ? Especially, in the case of the totally
real cyclotomic Zp-extensions, this question is closely related to the following
conjecture about the Iwasawa invariants and the Iwasawa module.
Greenberg’s conjecture . For any cyclotomic Zp-extensions k∞/k of totally real
number fields k, λ(k∞/k) = µ(k∞/k) = 0, i.e., the Iwasawa module X ' Gab
has finite order.
Since it was conjectured by R. Greenberg [14], many affirmative examples have
been given, but this conjecture remains unsolved even for the case of real abelian
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fields. The Greenberg’s conjecture implies that, for any totally real cyclotomic Zp-
extension k∞/k, the Galois group G must have the structure such that the maximal
abelian quotient Gab becomes finite group. Further, by considering Greenberg’s
conjecture on the fields Lm(kn) for all m and n together, we can restate the con-
jecture as the following (cf. p.40, Proposition 3.11).
Conjecture . For any totally real cyclotomic Zp-extensions k∞/k, the derived
series of the Galois group G = Gal(L(k∞)/k∞) has finite factors.
The property of the Galois group G stated in this conjecture is similar to that of
the Galois group Gal(L(k)/k) for a finite extension k of Q.
In the present thesis, from the above point of view, we shall consider the
Greenberg’s conjecture and the structure of the Galois group G.
In Chapter 1, we shall give an example of real quadratic field k which has infi-
nite 3-class field tower and whose cyclotomic Z3-extension satisfies the statement
of Greenberg’s conjecture, i.e., λ(k∞/k) = µ(k∞/k) = 0. So that, for such a
cyclotomic Zp-extension k∞/k, the Galois group G becomes infinite but the max-
imal abelian quotient Gab ' X is finite. The validity of Greenberg’s conjecture
for the field shall be assured by using a criterion given by H. Ichimura and H. T.
Sumida.
In Chapter 2, we shall give infinite families of real quadratic fields k whose cy-
clotomic Z2-extensions have Iwasawa modules X ' Gab isomorphic to Klein four
group (2, 2), by using “Kuroda’s class number formula” extended by T. Kubota.
The pro-2-groups with the maximal abelian quotient of type (2, 2) have special
but interesting properties. The results in this chapter play an important role in the
next chapter.
In Chapter 3, based on the results in previous chapter, we shall give infinitely
many real quadratic fields k such that the Galois group G becomes “non-abelian
finite” group for the cyclotomic Z2-extension k∞/k. Further, we shall compute
the order and the structure of the Galois group G for some real quadratic fields k,
and give examples of k with the Galois group G isomorphic to a dihedral group
or a generalized quaternion group, by using the theorem of H. Kisilevsky which
relates a capitulation problem and the structure of the Galois group of 2-class field
tower.
In Chapter 4, we shall study an analogy of Greenberg’s conjecture for certain
non-cyclotomic Zp-extensions of imaginary quadratic fields k, which was pre-
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sented by T. Fukuda and K. Komatsu. For such non-cyclotomic Z2-extensions
k∞/k of imaginary quadratic fields k, we shall give infinite families of k such that
the Galois group G is trivial or a finite group of order 2, and prove λ(k∞/k) =
µ(k∞/k) = 0 for other infinite families of k by using Kisilevsky’s theorem again.
In Chapter 5, we shall show that the Galois group G can be “non-cyclic” infi-
nite abelian groups, e.g., Z2 × Z2, Z/2Z × Z2 for the cyclotomic Z2-extensions
k∞/k of imaginary quadratic fields k, and give infinite families of such k. In this
case, the 2-class field towers of kn are abelian for all n ≥ 1.
Through the present thesis, we shall use the notations as above. In addition,
for a fixed prime number p, we denote by A(K) the p-Sylow subgroup of the ideal
class group of finite extension K of Q, and we often call it ‘p-class group’. For
a Galois extension K/k of number fields, we denote by NK/k the norm mapping.
Further, we denote by L(K) and E(K), the maximal unramified abelian pro-p-
extension and the unit group of a number field K ( not necessary finite extension
of Q ), respectively.
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1 On Greenberg’s conjecture on a certain real
quadratic field
In this chapter, we shall give an example of real quadratic field k which has infinite
3-class field tower and satisfies λ(k∞/k) = µ(k∞/k) = 0 for the cyclotomic Z3-
extension k∞/k. For such a cyclotomic Zp-extension k∞/k, the Galois group
G = Gal(L(k∞)/k∞) becomes infinite but the maximal abelian quotient Gab '
X ' Gal(L(k∞)/k∞) is finite. For each prime number p, Ozaki [30] constructed
infinitely many real cyclic extensions k/Q of degree p with the cyclotomic Zp-
extension k∞/k such that λ(k∞/k) = µ(k∞/k) = 0 and the p-class field tower
of kn becomes infinite for some n by the theorem of Golod and ˇSafarevicˇ. Then,
such cyclotomic Zp-extensions k∞/k also satisfy that property, i.e., G is infinite
but Gab ' X is finite.
1.1 Real quadratic fieldwith discriminant 39345017
The theorem of Golod and ˇSafarevicˇ states that the p-class field tower of a number
field k becomes infinite if the rank of A(k) is sufficiently large compared with the
rank of unit group. For the case that p is an odd prime number and k is a quadratic
field, R. Schoof refined the theorem as follows.
Theorem 1.1 (R.Schoof [36]). Let p be a odd prime number and k a quadratic
field, and rankA(k) the rank of the p-Sylow subgroup A(k) of the ideal class
group of k. If rankA(k) ≥ 3, then k has infinite p-class field tower.
It is well known that the real quadratic field k = Q(
√
39345017) has class number
27 and A(k) ' (Z/3Z)3 for p = 3 (cf., e.g., [36], [27]). Therefore, the 3-class
field tower of k = Q(
√
39345017) is infinite.
Although many affirmative examples of Greenberg’s conjecture have been
given, we had never found the pair of odd prime number p and real quadratic
field k such that λ(k∞/k) = µ(k∞/k) = 0 for cyclotomic Zp-extension k∞/k
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and the rank of A(k) is large enough to have infinite p-class field tower. For the
existence of such pair, we obtain the following theorem.
Theorem 1.2. For the real quadratic field k = Q(√39345017) which has infi-
nite 3-class field tower, the cyclotomic Z3-extension k∞/k satisfies λ(k∞/k) =
µ(k∞/k) = 0, i.e., the Galois group G = Gal(L(k∞)/k∞) becomes infinite but
the Iwasawa module X ' Gab is finite.
We already know that µ(k∞/k) = 0 by the theorem of Ferrero and Washington
[6]. We shall show that λ(k∞/k) = 0 by using a criterion which was given by
Ichimura and Sumida (cf. [17], [18]).
1.2 Ichimura-Sumida criterion
We shall give an outline of Ichimura-Sumida criterion for real quadratic fields.
For more detail, refer [17], [18].
Let p be an odd prime number and k a real quadratic field. We denote by
f the conductor of k. Let χ be a Qp-valued nontrivial even Dirichlet character
associated to k, and ω a Teichmu¨ller character Z/pZ → Zp. Throughout this
section, assume that
χ(p) 6= 1 and χω−1(p) 6= 1.
We fix a topological generator γ of Γ = Gal(k∞/k) induced from an element
of Gal(k(ζp∞)/k(ζp)) such that ζpn 7→ ζ1+fppn for all n ≥ 1, and identify Λ =
Zp[[Γ]] and Zp[[T ]] by the identification γ = 1 + T . Let σ be a generator of
∆ = Gal(k∞/Q∞) ' Gal(k/Q).
Let gχ(T ) be the “Iwasawa power series” associated to the cyclotomic Zp-
extension k∞/k, which is an element of Λ such that
gχ((1 + fp)
1−s − 1) = Lp(s, χ).
Here, Lp(s, χ) is the p-adic L-function associated to χ. By the p-adic Weier-
strass preparation theorem, we obtain a distinguished polynomial Pχ(T ) such
that gχ(T ) = Pχ(T )uχ(T ) (uχ(T ) ∈ Λ×), which is called “Iwasawa polyno-
mial”. By the theorem of Mazur and Wiles ( Iwasawa main conjecture ), it is
known that λ(k∞/k) ≤ degPχ(T ), so we consider the case degPχ(T ) > 0.
Let Pi(T ) (1 ≤ i ≤ r) be the irreducible factors of Pχ(T ) in Zp[T ], and put
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ωn(T ) = (1+T )
pn−1 (n ≥ 0). Since the Leopoldt’s conjecture holds for the real
abelian field kn, the Λ-modules Λ/(Pi, ωn) are finite for all i and n. We denote
by pai,n the exponent of Λ/(Pi, ωn), and let Xi,n(T ) be the unique polynomial in
Zp[T ] such that Xi,nPi ≡ pai,n (mod ωn) and degXi,n < pn. We take a polynomial
Yi,n(T ) in Z[T ] such that Yi,n(T ) ≡ Xi,n(T ) (mod pai,n).
Let z be an integer satisfying 2z ≡ 1 (mod pai,n), and take an element ei,n =
z(1− σ) in Z[∆]. We take the cyclotomic unit
ci,n = {N   (ζfpn+1)/kn(1− ζfpn+1)t−1 }ei,n .
Here, t is the order of the residue field of k by the prime ideal above p. For the
elements ai,n, and Yi,n(T ), ci,n, Ichimura and Sumida proved the following.
Theorem 1.3 (Ichimura-Sumida [17], [18]). Under the above settings, we have
λ(k∞/k) = 0 if and only if for each i (1 ≤ i ≤ r), the condition
(ci,n)
Yi,n(γ−1) /∈ (k×n )p
ai,n
(Hi,n)
holds for some n ≥ 0.
We note that the condition (Hi,n) implies (Hi,n+1) (cf. Lemma 1 in [18]).
For any non-negative integer m, we can compute gχ(T ) mod (ωm, pm+1) and
uχ(T )
−1 mod (ωm, pm+1) (cf. proof of Proposition 7.2. in [38], or p.736 in [18]).
Further, we can compute the Iwasawa polynomial Pχ(T ) mod pm for each m by
using the following proposition.
Proposition 1.4 (Lemma 5 in [18]). Let f1(T ) and f2(T ) be the elements of Λ
which are not contained in pΛ, and F1(T ) and F2(T ) the distinguished polynomi-
als of f1(T ) and f2(T ), respectively. Assume that λ = degF1 = degF2 6= 0. Let z
be the minimal integer such that λ ≤ pz. If f1(T ) ≡ f2(T ) mod (ωm, pm+1) for
some m ≥ z + 1, then F1(T ) ≡ F2(T ) mod pm+1−z .
By the Hensel’s lemma, we can also compute all irreducible factors Pi(T ) mod pm
for each m (cf. Lemma 6 in [18]). If m > ai,n ( ai,n is not yet known ), by using
Euclidean algorithm modulo pm, ai,n and Yi,n(T ) can be decided at a time.
Let bi,n = max(n+1, ai,n). We take a prime number l ≡ 1 (mod fpbi,n) which
splits completely in Q(ζfpbi,n). There are infinitely many such prime numbers l
by Dirichlet’s prime number theorem. Let s be an integer such that the order of
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s mod l in (Z/lZ)× is fpn+1. Then, s ≡ ζfpn+1 mod L for some prime ideal L of
Q(ζfpbi,n) above l. By the integer s and the coefficients of Yi,n, we can compute
an integer ci(n, l, s) such that
(ci,n)
Yi,n ≡ ci(n, l, s) mod l = L ∩ kn
(cf. p.739 in [18] ). Now, we set a condition
ci(n, l, s) mod l /∈ ((Z/lZ)×)p
ai,n
. (Hi,n,l)
The condition (Hi,n,l) does not depend on the choice of such integer s. By the
Chebotarev’s density theorem, we can see that the condition (Hi,n) holds if and
only if (Hi,n,l) holds for some prime number l ≡ 1 (mod fpbi,n) (cf. Lemma 8 in
[18]). Then, Theorem 1.3 implies the following.
Proposition 1.5 (Ichimura-Sumida criterion). We have λ(k∞/k) = 0 if and
only if for each i (1 ≤ i ≤ r), the condition (Hi,n,l) holds for some n ≥ 0
and some prime number l ≡ 1 (mod fpbi,n).
In the original paper [18], the condition about χω−1(p) and χ(p) is not assumed
generally. By using this criterion, Ichimura and Sumida showed that λ(k∞/k) = 0
for all cyclotomic Z3-extensions k∞/k of real quadratic fields k = Q(
√
m) with
1 < m < 10000. As in the works of Fukuda-Komatsu [12] and Tsuji [37], the
criterion have been refined.
1.3 Computational results
Now, we shall apply the Ichimura-Sumida criterion (Proposition 1.5) to the cy-
clotomic Z3-extension of real quadratic field Q(
√
39345017) and prove Theorem
1.2.
Let k = Q(
√
39345017) and p = 3. Since 39345017 ≡ 1 (mod 4 ) and
39345017 ≡ 2 (mod 3 ), The conductor of k is f = 39345017 and the Dirich-
let character χ associated to k is the Legendre’s symbol modulo f , and satisfies
χ(3) 6= 1 and χω−1(3) 6= 1. We can compute gχ(T ) by the following formula:
gχ(T ) ≡ −2
f
pn−1∑
j=0
( f−1∑
b=1
b χω−1(sn((1 + fp)
j) + bpn+1)
)
(1 + fp)−j(1 + T )j
mod ωn(T )
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(cf. Proposition 7.9 in [38], or p.735 in [18]). Here, for integer z and n ≥ 0, sn(z)
is the unique integer satisfying sn(z) ≡ z mod pn+1 and 0 ≤ sn(z) < pn+1. By
calculating gχ(T ) modulo (ω8, 39), we have
Pχ(T ) ≡ T 6 + 2175T 5 + 1737T 4 + 1596T 3 + 621T 2 + 936T + 1917
(mod 37 ).
By Hensel’s lemma, it is decomposed to three irreducible factors as Pχ(T ) =
P1(T )P2(T )P3(T ) with
P1(T ) ≡ T + 219 (mod 35 ),
P2(T ) ≡ T 2 + 81T + 222 (mod 35 ),
P3(T ) ≡ T 3 + 12T 2 + 21T + 66 (mod 34 ).
Let P1∗(T ) = T + 219 ∈ Z[T ]. First, we computed in the case n = 3. By
Euclidean algorithm for P1∗(T ) and ω3(T ), we can obtain Y1,3(T ) and see that
a1,3 = 4. We calculated c1(3, l, s) for first three primes l with l ≡ 1 (mod fpb1,3),
however, we had seen that (H1,3,l) does not hold for the primes l. In this case, it
seems that (c1,3)Y1,3 is a pa1,3-th power in 3rd layer k×3 . Then, we shall compute in
the case n = 4. Since a1,4 > a1,3, i.e. 5 ≤ a1,4, we can not apply the Euclidean
algorithm to P1∗(T ) and ω4(T ) in order to obtain Y1,3(T ) and a1,4. Then, we
consider the surjective Λ-homomorphism
Λ/(ω4/ω3, P1
∗)→ (ω3, P1∗)/(ω4, P1∗) : x 7→ ω3 · x .
By applying the Euclidean algorithm to P1∗(T ) and ω4/ω3, we can see that the
exponent of Λ/(ω4/ω3, P1∗) is 3. Since (ω4, P1∗) ⊂ (ω3, P1∗) = (ω3, P1) ⊂ Λ,
we obtain a1,4 = 5 and Y1,4(T ) ∈ Z[T ] such that ω4(T )u ≡ P1∗(T )Y1,4(T ) +
35 ( mod 36 ) for some u ∈ Z ∩ Z×3 . By calculating c1(4, l, s), we can see that
(H1,4,l) holds for l = 363311886979 ≡ 1 (mod fpb1,4).
On the other hand, we can obtain Y2,2(T ), Y3,2(T ) and that a2,2 = 3, a3,2 = 2, and
b2,2 = b3,2 = 3. Then, by the similar computation, we know that
(H2,2,l) and (H3,2,l) holds for l = 44617249279 ≡ 1 (mod fp3).
By the above computational results and Proposition 1.5, we know that λ(k∞/k) =
0 for the cyclotomic Z3-extension k∞/k of k = Q(
√
39345017), i.e., λ(k∞/k) =
µ(k∞/k) = 0 and the Iwasawa module X ' Gab is finite. Thus, Theorem 1.2 has
been proved.
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2 Cyclotomic Z2-extensions of real quadratic fields
with Iwasawa module of type (2, 2)
In this chapter, we shall consider the Greenberg’s conjecture on the cyclotomic
Z2-extensions of real quadratic fields, and give infinite families of real quadratic
fields k whose cyclotomic Z2-extensions have Iwasawa modules X isomorphic to
Klein four group (2, 2). The results in this chapter play an important role in the
next chapter.
2.1 Cyclotomic Z2-extensions of real quadratic fields
Let k be a real quadratic fields and k∞/k the cyclotomic Z2-extension of k. The
Iwasawa module X associated to k∞/k is defined by the inverse limit X =
lim←−A(kn) of the 2-Sylow subgroups A(kn) of the ideal class groups of n-th layer
kn with respect to the norm maps. We denote by λ(k∞/k), µ(k∞/k) and ν(k∞/k)
the Iwasawa λ-, µ- and ν-invariants of k∞/k, respectively, satisfying Iwasawa’s
class number formula: #A(kn) = pλ(k∞/k)n+µ(k∞/k)p
n+ν(k∞/k) for all sufficiently
large n ≥ 0. Greenberg’s conjecture asserts that λ(k∞/k) = µ(k∞/k) = 0, i.e.,
the order of the Iwasawa module X is finite. In the studies of Greenberg’s con-
jecture, the case for the cyclotomic Z2-extensions of real quadratic fields seems
to be rather a special case because of the effects of genus theory. Ozaki and
Taya [33] proved the existence of infinitely many real quadratic fields k with
λ(k∞/k) = µ(k∞/k) = 0 in various situations. In this chapter, we also deal
with the cyclotomic Z2-extensions of certain real quadratic fields k, and proved
the following theorem.
Theorem 2.1. Let k∞/k be a cyclotomic Z2-extension of real quadratic field k
such that any prime of k∞ which is ramified in k∞/k is totally ramified. Let
A(kn) be the 2-Sylow subgroup of the ideal class group of n-th layer kn. Then,
A(kn) is isomorphic to Klein four group (2, 2) for any n-th layer kn ( i.e., for all
n ≥ 0 ) if and only if k is one of the following types.
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(i) k = Q(
√
q1q2q3) or Q(
√
2q1q2q3) with prime numbers q1, q2, q3 satisfying
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ), and
(q1q2
q3
)
= −1,
(ii) k = Q(
√
p1p2q) or Q(
√
2p1p2q) with prime numbers p1, p2, q satisfying
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ), and
(p1p2
q
)
= −1,
where
(∗
∗
)
is Legendre’s symbol. Especially, for the real quadratic fields k as in
(i) or (ii), the Iwasawa module X associated to k∞/k is also isomorphic to (2, 2),
and λ(k∞/k) = µ(k∞/k) = 0, ν(k∞/k) = 2.
Here, we note that as for µ-invariants, it is well known that µ(k∞/k) = 0 for
any cyclotomic Zp-extension k∞/k when k is an abelian extension of Q, by the
theorem of Ferrero and Washington ( cf. [6] ). In addition, for real quadratic fields
k as in (i), we already know X ' (2, 2) by the theorem of Yamamoto ( cf. [42] ).
However, we show λ(k∞/k) = µ(k∞/k) = 0 and X ' (2, 2) here independently
of these results.
In the following, we mention some known results about Iwasawa invariants of
the cyclotomic Z2-extensions of real quadratic fields.
For each integer n ≥ 0, let ζ2n+2 = exp(2pi
√−1/2n+2), a primitive 2n+2-
th roots of unity in the complex number field. Then the n-th layer Qn of the
cyclotomic Z2-extension Q∞/Q is the field Q(ζ2n+2 + ζ
−1
2n+2). Especially, the first
layer Q1 is the real quadratic field Q(
√
2). It is proved by Weber ( cf. [16], Satz
6, p.29 ) that the class number of Qn is odd for all n ≥ 0, i.e., λ(Q∞/Q) =
µ(Q∞/Q) = ν(Q∞/Q) = 0.
Let m be a positive square-free integer, and let k = Q(
√
m) a real quadratic
field. The cyclotomic Z2-extension k∞ of k is given by kQ∞. If m = 2, i.e., k =
Q1 = Q(
√
2) then k∞ = Q∞, so we already know that λ(k∞/k) = µ(k∞/k) =
ν(k∞/k) = 0. Therefore we consider the case m > 2. In this case, the first
layer k1 = kQ1 = Q(
√
2,
√
m) has just three real quadratic fields Q1 = Q(
√
2),
k = Q(
√
m), k′ = Q(
√
2m) as its subextensions. We note that k and k′ have the
same cyclotomic Z2-extension, i.e., k∞ = k′∞, so the Iwasawa invariants are also
the same. In [19], Iwasawa proved the following theorem.
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Theorem 2.2 (Iwasawa [19]). For each prime number p, if a Galois p-extension
K/k of number fields has at most one ( finite or infinite ) ramified prime and the
class number of k is not divisible by p, then the class number of K is also not
divisible by p.
By this theorem, if a real quadratic field k with odd class number has only one
prime ideal above the prime number 2, then the class number of the n-th layer kn
of the cyclotomic Z2-extension k∞/k is also odd for each n ≥ 0, i.e., λ(k∞/k) =
µ(k∞/k) = ν(k∞/k) = 0. Further, by genus theory, we can see that a real
quadratic field k has odd class number and only one prime ideal above the prime
number 2 if and only if k = Q(
√
m) with positive square free integer m satisfies
one of the following conditions.
m =

2,
p, p ≡ 5 (mod 8 ),
q, q ≡ 3 (mod 4 ),
2q, q ≡ 3 (mod 4 ),
pq, p ≡ 3, q ≡ 7 (mod 8 ),
where p and q denote prime numbers. Thus, the cyclotomic Z2-extension of
k = Q(
√
m) or Q(
√
2m) with square free positive integer m satisfying the above
condition has the Iwasawa invariants λ(k∞/k) = µ(k∞/k) = ν(k∞/k) = 0.
These cases are often called ‘trivial’ cases. In [33], Ozaki and Taya treated ‘non-
trivial’ cases and proved the following theorem.
Theorem 2.3 (Ozaki-Taya [33]). Let k = Q(√m) or Q(√2m) and let λ(k∞/k),
µ(k∞/k) and ν(k∞/k) be the Iwasawa λ-, µ- and ν-invariants of the cyclotomic
Z2-extension k∞/k, respectively. Suppose that m is one of the following:
(1) m = p, p ≡ 1 (mod 8 ) and 2p−14 6≡ (−1) p−18 (mod p ),
(2) m = pq, p ≡ q ≡ 3 (mod 8 ),
(3) m = pq, p ≡ 3, q ≡ 5 (mod 8 ),
(4) m = pq, p ≡ 5, q ≡ 7 (mod 8 ),
(5) m = pq, p ≡ q ≡ 5 (mod 8 ),
where p and q are distinct prime numbers. Then we have λ(k∞/k) = µ(k∞/k) =
ν(k∞/k) = 0 for (1) and (2), and λ(k∞/k) = µ(k∞/k) = 0, ν(k∞/k) > 0 for
(3), (4) and (5).
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On the other hand, Yamamoto [42] determined all real abelian 2-extensions
k/Q such that λ(k∞/k) = µ(k∞/k) = ν(k∞/k) = 0 for the cyclotomic Z2-
extension k∞/k. In addition, Ozaki treated several cases different from each of the
above theorems and proved λ(k∞/k) = µ(k∞/k) = 0 for certain real quadratic
fields k in his thesis [29]. The real quadratic fields, which were treated in Theorem
2.3, have the ideal class group of 2-rank smaller than 2. But in [29], Ozaki proved
λ(k∞/k) = µ(k∞/k) = 0 for certain infinitely many real quadratic fields k with
the ideal class group of 2-rank 2. Similarly, the real quadratic fields k in Theorem
2.1 have the ideal class group of 2-rank 2.
2.2 Preliminary results
In this section, we mention some results on genus field, 2-class group, and its
rank, which we use in the proof of Theorem 2.1 and following chapters.
Let k be a quadratic field and A+(k) its 2-Sylow subgroup of the “narrow”
ideal class group of k. We denote by D(k) = ±2ep∗1 · · · p∗t the discriminant of k,
where p∗i = ±pi ≡ 1 (mod 4 ) are the prime discriminants ( pi is an odd prime
number ). The (narrow) genus field kG (resp. k+G) of k is the maximal abelian
extension of Q which contained in the (narrow) Hilbert class field of k. If k is an
imaginary quadratic field, the genus field kG is equal to the narrow genus field k+G,
and if k is a real quadratic field, the genus field kG is the field k+G ∩R. The narrow
genus field k+G is specified as follows.
k+G =
{
Q(
√
p∗1, · · · ,
√
p∗t ) : e = 0,
Q(
√
δ,
√
p∗1, · · · ,
√
p∗t ), δ = −1 or ± 2 : e 6= 0.
We can easily see that “ rank Gal(kG/k) = rankA(k) ”.
Let S1(k) be the set of pairs (D1, D2) of integers such that D(k) = D1D2,
|D1| < |D2| and Di ≡ 0 or 1 (mod 4 ) for i = 1, 2. Let S2(k) be the set of pairs
(1, D(k)) and (D1, D2) ∈ S1(k) such that χD1(p) = 1 for all prime factors p of
D2 and χD2(p) = 1 for all prime factors p of D1, where χDi(p) is Kronecker’s
symbol, i.e., χDi(p) =
(Di
p
)
when p 6= 2, and χDi(2) = 1 or −1 when Di ≡ 1
or 5 (mod 8 ), respectively. Now, we have the following theorem.
Theorem 2.4 (Re´dei-Reichardt [34]). Under the above settings, we have that
#S1(k) = #(A
+(k)/2A+(k)) and #S2(k) = #(2A+(k)/4A+(k)).
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For an additive group M , the rank of 2M/4M is called “4-rank” of M . We note
that A+(k) is an elementary abelian 2-group if and only if #S2(k) = 1. By using
these results, we can calculate the 2-rank (and 4-rank) of the (narrow) ideal class
groups of quadratic fields.
More generally, the following formulae are well known.
Theorem 2.5 (Genus Formulae). Let K/k be a quadratic extension of number
fields with Galois group Gal(K/k). Let A(K)G be the subgroup of the 2-Sylow
subgroup A(K) of the ideal class group of K generated by the ideal classes fixed
by the action of Gal(K/k), and B(K)G the subgroup of A(K) generated by the
ideal classes containing ideals fixed by the action of Gal(K/k). Then, we have
#A(K)G = #A(k)× 2
t−1
[ E(k) : E(k) ∩ NK/kK×] ,
#B(K)G = #A(k)× 2
t−1
[ E(k) : NK/kE(K)]
,
where E(K) and E(k) is the unit group of K and k, respectively, and t is the
number of places of k which are ramified in K.
Remark 2.6. For a quadratic extension K/k, if the image of the lifting mapping
j : A(k) → A(K) is trivial, a non-trivial element of Gal(K/k) acts on A(K) as
−1. Then, A(K)G is the subgroup of A(K) generated by all elements of order 2,
and #A(K)G = #(A(K)/2A(K)) = 2 rankA(K).
On the other hands, Azizi and Mouhib [1] have established a criterion on the
2-rank of the ideal class group of certain real bicyclic biquadratic fields. As a
corollary of this result, we have the following theorem on the first layer of the
cyclotomic Z2-extension of real quadratic field.
Theorem 2.7 (Azizi-Mouhib [1]). Let k = Q(√d) be a real quadratic field with
a positive odd integer d. The field k1 = k(
√
2) = Q(
√
2,
√
d) is the first layer of
the cyclotomic Z2-extension of the real quadratic field k. Let t1 be the number of
places of Q1 = Q(
√
2) which are ramified in k1, and r1 the rank of the 2-Sylow
subgroup A(k1) of the ideal class group of k1. Then, we have the following.
(i) If d has a prime factor ≡ 3 (mod 4 ), r1 = t1 − 2 or t1 − 3. In this case,
r1 = t1 − 2 if and only if d has no prime factor ≡ 7 (mod 8 ).
(ii) If d has no prime factor ≡ 3 (mod 4 ), r1 = t1 − 1 or t1 − 2. In this case,
r1 = t1 − 1 if and only if d has no prime factor p such that p ≡ 1 (mod 8 ) and
2
p−1
4 6≡ (−1) p−18 (mod p ).
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We note that the condition 2p−14 6≡ (−1) p−18 (mod p ), which also appeared in
Theorem 2.3, can be written by the “4-th power residue symbol”. For a prime
number p ≡ 1 (mod 8 ), which splits completely in Q(√−1,√2), we take a prime
ideal p of F = Q(
√−1) above p. Independently on the choice of p, the 4-th power
residue symbol is defined by
(2
p
)
4
=
4
√
2
(
F ( 4
√
2)/F
 
)
4
√
2
= ±1, where
(F ( 4√2)/F
p
)
is Artin symbol. By the Euler’s criterion, we can see that
(2
p
)
4
≡ 2p−14 (mod p ).
Furthermore,
(2
p
)
4
= 1 if and only if p splits completely in F ( 4
√
2)/Q, i.e., z4 = 2
for some z ∈ Zp. Now, we set a symbol
(p
2
)
4
= (−1) p−18 = ±1. Under the above
settings, we have “ 2p−14 6≡ (−1) p−18 (mod p ) if and only if
(2
p
)
4
(p
2
)
4
= −1 ”.
In [25], Kuroda showed certain formulae on class numbers of imaginary bi-
cyclic biquadratic fields, and Kubota [24] extended these formulae for real bi-
cyclic biquadratic fields as in the following theorem. Such formula is often called
“Kuroda’s class number formula”.
Theorem 2.8 (Kubota [24], cf. p.72 Satz 1). Let K/Q be a real biquadratic bi-
cyclic extension, and E(K) its unit group. The field K has the three real quadratic
subextensions Fi/Q ( i = 1, 2, 3 ). Let εi be the fundamental unit of Fi ( i =
1, 2, 3 ), and A(K), A(Fi) the 2-class groups of K, Fi, respectively. Put the group
index Q(K) = [ E(K) : 〈 −1, ε1, ε2, ε3 〉 ]. Then, we have Q(K) = 1, 2 or 4,
and the following equation:
#A(K) =
1
4
·Q(K) ·#A(F1) ·#A(F2) ·#A(F3).
Furthermore, a system of the fundamental units of K is one of the following types:
i) ε1, ε2, ε3
ii)
√
ε1, ε2, ε3
iii)
√
ε1,
√
ε2, ε3
iv)
√
ε1ε2, ε2, ε3
v)
√
ε1ε2,
√
ε3, ε2
vi)
√
ε1ε2,
√
ε2ε3,
√
ε3ε1
vii)
√
ε1ε2ε3, ε2, ε3
(Nε1 = 1 )}
(Nε1 = Nε2 = 1 )}
(Nε1 = Nε2 = Nε3 = 1 )
(Nε1 = Nε2 = Nε3 = ±1 )
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where Nεi is the abbreviation of NFi/   (εi) ( i = 1, 2, 3 ).
Add to the above theorems, the following theorem plays an impotant role in
the proof of Theorem 2.1.
Theorem 2.9 (Fukuda [11]). Let k∞/k be any Zp-extension such that any prime
of k∞ which is ramified in k∞/k is totally ramified. If A(k1) ' A(k), then
A(kn) ' A(k) for all n ≥ 0, where A(kn) is the p-Sylow subgroup of the ideal
class group of n-th layer kn.
2.3 Proof of Theorem 2.1
In this section, p, pi, q, qi always mean odd prime numbers with p ≡ pi ≡ 1, q ≡
qi ≡ 3 (mod 4 ). By Theorem 2.4, we can easily prove the following claims.
Claim 1. For a real quadratic field k = Q(√q1q2q3) with distinct prime numbers
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ),
“A(k) ' (2, 2)⇔ not
[ (q3
q1
)
=
(q3
q2
)
= 1
]
”.
Claim 2. For a real quadratic field k′ = Q(
√
2q1q2q3) with distinct prime numbers
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ),
“A(k′) ' (2, 2)⇔ not
[ (q1
q3
)
=
(q2
q3
)
= 1
]
”.
Claim 3. For a real quadratic field k = Q(√p1p2q) with distinct prime numbers
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ),
“A(k) ' (2, 2)⇔ not
[ ( q
p1
)
=
( q
p2
)
= 1
]
”.
Claim 4. For a real quadratic field k′ = Q(
√
2p1p2q) with distinct prime numbers
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ),
“A(k′) ' (2, 2)⇔ not
[ ( q
p1
)
=
( q
p2
)
= −1
]
”.
By combining these claims, we have the following lemma.
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Lemma 2.10. (i) For k = Q(√q1q2q3) and k′ = Q(
√
2q1q2q3) with distinct prime
numbers q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ), we have
“A(k) ' A(k′) ' (2, 2)⇔
(q1q2
q3
)
= −1”.
(ii) For k = Q(√p1p2q) and k′ = Q(
√
2p1p2q) with distinct prime numbers
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ), we have
“A(k) ' A(k′) ' (2, 2)⇔
(p1p2
q
)
= −1”.
Now, we shall prove Theorem 2.1.
Proof of Theorem 2.1. ( Only if-part ) Let k∞/k be a cyclotomic Z2-extension of
real quadratic field k. The field k1 has just three real quadratic fields Q1 = Q(
√
2),
k = Q(
√
m), k′ = Q(
√
2m) as its subextensions, and k and k′ have the same
cyclotomic Z2-extension, i.e., k∞ = k′∞.
Assume that any prime of k∞ which is ramified in k∞/k is totally ramified,
i.e., k1/k is not unramified extension. We note that k1/k is unramified if the
discriminant D(k) of k is divided by 8 and D(k)/8 ≡ 1 (mod 4 ).
Now, we assume that rankA(k) = 2. We can see that the number of prime
numbers which ramify in k/Q is 3 or 4 by Theorem 2.5. Then, under the above
assumptions, D(k) is one of the following types ( p ≡ pi ≡ 1 (mod 4 ), q ≡ qi ≡
3 (mod 4 ) ).
D(k) =

pq1q2, 4pq, 8pq, p1p2p3p4,
p1p2p3, p1p2q1q2, q1q2q3q4,
4p1p2q, 4q1q2q3, 8p1p2q, 8q1q2q3.
For the case D(k) = pq1q2, 4pq, 8pq, the genus field kG = k(
√
p), i.e., A(k) is
cyclic. For the case D(k) = p1p2p3p4, kG = Q(
√
p1,
√
p2,
√
p3,
√
p4), i.e., the
rank of A(k) is 3. For the case D(k) = p1p2p3, p1p2q1q2, q1q2q3q4, by the similar
arguments, we can see that rankA(k) = 2 and rankA(k′) = 3. By Theorem 2.8,
we have
#A(k1) =
1
4
·Q(k1) ·#A(Q1) ·#A(k) ·#A(k′) ≥ 1
4
· 1 · 1 · 4 · 8 = 8.
Then, A(k1) 6' (2, 2). Under the assumption “ A(kn) ' (2, 2) for all n ≥ 0 ”,
these cases do not occur.
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In the rest cases D(k) = 4p1p2q, 8p1p2q, 4q1q2q3, 8q1q2q3, we can see that
k1/k and k1/k′ are not unramified, and rankA(k) = rankA(k′) = 2 in general. If
it is assumed that A(k1) ' (2, 2), we have A(k′) ' A(k) ' (2, 2). Let t1 be the
number of places of Q1 = Q(
√
2) which are ramify in k1.
For the cases D(k) = 4p1p2q or 8p1p2q, we assume that rankA(k1) = 2.
Then, we have t1 = 4 when q ≡ 3 (mod 8 ), and t1 = 5 when q ≡ 7 (mod 8 ),
by Theorem 2.7. In each case, p1 and p2 must not split in Q1/Q, then we have the
condition “ p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ) ”.
For the cases D(k) = 4q1q2q3 or 8q1q2q3, we assume that A(k1) ' (2, 2).
Without loss of generality, we may assume that k = Q(√q1q2q3) and k′ =
Q(
√
2q1q2q3). At first, we assume that qi ≡ 3 (mod 8 ) for all i. Since A(k) '
(2, 2), the Hilbert 2-class field L(k) of k is equal to kG = Q(
√
q1,
√
q2,
√
q3). Let
l be the prime ideal of k above 2. Since l2 = (2), the ideal class of l is a element
of A(k). We can see that l splits in k(√q1)/k for all i, i.e., l splits completely
in L(k)/k. Therefore, l is principal, i.e., (α)2 = (2) as principal ideal of k for
some α ∈ k×. Since kG 6= k+G , i.e., Nεk = 1, where εk is the fundamental unit
of k, we have 2 = εzkα2 for some integer z. Since
√
2 6∈ k, z must be odd. Then
2 = εkβ
2 for some β ∈ k×, and √2 = ±√εkβ, so that √εk ∈ k1. We have unit
index Q(k1) ≥ 2, and by the assumptions, A(k1) ' A(k) ' A(k′) ' (2, 2). By
Theorem 2.8,
4 = #A(k1) =
1
4
·Q(k1) ·#A(Q1) ·#A(k) ·#A(k′) ≥ 1
4
· 2 · 1 · 4 · 4 = 8.
This is contradiction. Then, qi ≡ 7 (mod 8 ) for some i. In this situation, we have
t1 = 5 by Theorem 2.7. Then, we obtain the condition “ q1 ≡ q2 ≡ 3, q3 ≡
7 (mod 8 ) ”.
By the above results and Lemma 2.10, if A(kn) ' (2, 2) for all n ≥ 0, the real
quadratic field k must satisfy the condition (i) or (ii) in Theorem 2.1.
( If-part ) Let k = Q(√m) be a real quadratic field as in (i) or (ii) in Theorem
2.1. In each case, k1/k is not unramified, i.e., k∞/k is totally ramified. By Lemma
2.10, we already know that A(k) ' A(k′) ' (2, 2), where k′ = Q(√2m). To
prove A(kn) ' (2, 2) for all n ≥ 0, it is enough to show that “A(k1) ' A(k)”
by Theorem 2.9. Furthermore, without loss of generality, we may assume that
k = Q(
√
q1q2q3) or Q(
√
p1p2q), and k′ = Q(
√
2q1q2q3) or Q(
√
2p1p2q) with the
following conditions.
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ),
(q1
q3
)
= 1,
(q2
q3
)
= −1, (†)
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p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ),
(p1
q
)
= 1,
(p2
q
)
= −1. (††)
Under the above assumptions, we shall show that A(k1) ' A(k). Let ε and ε′
be the fundamental units of the real quadratic fields k and k′, respectively. By
genus theory, we know that Nε = Nε′ = 1, where N means the absolute norm.
Since A(k) ' A(k′) ' (2, 2), we have the Hilbert 2-class fields L(k) = kG =
Q(
√
q1,
√
q2,
√
q3), Q(
√
p1,
√
p2,
√
q), and L(k′) = k′G = Q(
√
2q1,
√
2q2,
√
2q3),
Q(
√
p1,
√
p2,
√
2q) for (i), (ii), respectively.
Lemma 2.11.
√
ε,
√
ε′ and
√
εε′ are not contained in the first layer k1.
Proof. First, we consider the case (i). Assume that
(q2
q1
)
= 1. Let q2 and l
be the prime ideals of k above the prime numbers q2 and 2, respectively, which
are ramified in k. We note that both of the ideal classes containing q2 or l are
elements of A(k). By the condition (†), we can see that q2 and l have the same
decomposition field k(√q3) with respect to the extension L(k)/k. This means
that (L(k)/k
q2
)
=
(L(k)/k
l
)
,
where
(L(k)/k
∗
)
is the Artin symbol. Therefore the ideal classes containing q2
or l are the same element of the ideal class group of k, and there is an element
α ∈ k× such that l = (α)q2. Since (2) = l2 = (α)2p2 = (α2q2) and α is
real, 2 = εzα2q2 for some integer z. If z is even,
√
2 = ±αεz/2√q2, so that
k1 = k(
√
q2), which is a contradiction. Then z must be odd, and 2 = ε β2q2 for
some β ∈ k×. Since √2 = ± β√ε√q2, we know that k1(√ε) = k1(√q2) and√
ε is not contained in k1. On the other hand, let q′1 and l′ be the prime ideals of
k′ above the prime number q1 and 2, respectively, which are ramified in k′. By
the assumption and the condition (†), we can see that q′1 and l′ have the same
decomposition field k′(
√
2q3) with respect to the extension L(k′)/k′, so that the
ideal classes containing q′1 or l′ are the same element of the ideal class group of k′.
By the similar arguments, we know that
√
2 = ± β ′√ε′√q1 for some β ′ ∈ k′×,
and k1(
√
ε′) = k1(
√
q1). Therefore
√
ε′ is also not contained in k1. From the
above results, we have k1(
√
ε) = k1(
√
q2) 6= k1(√q1) = k1(
√
ε′), so that
√
εε′
must not be contained in k1.
Assume that
(q2
q1
)
= −1. Let q2 be a prime ideal of k above the prime num-
ber q2, which is ramified in k. Since q22 = (q2), the ideal class containing q2 is an
22
element of A(k). By the condition (†), we can see that the prime q2 splits com-
pletely in L(k)/k, so that q2 is a principal ideal of k. Let α ∈ k× be a generator
of the prime ideal q2, i.e., q2 = (α). Since (q2) = q22 = (α2) and α is real, we
have q2 = εzα2 for some integer z. If z is even,
√
q
2
= ±αεz/2 ∈ k×, which
is a contradiction. Therefore z must be odd, and there is an element β ∈ k×
such that q2 = ε β2. Since
√
q2 = ± β
√
ε, we know that k(
√
ε) = k(
√
q2) and√
ε is not contained in the first layer k1 = k(
√
2). On the other hand, let q′1 be
a prime ideal of k′ above the prime number q1, which is ramified in k′. By the
similar arguments, we can see that the prime q′1 is a principal ideal of k′, and
there is an element β ′ ∈ k′× such that √q1 = ± β ′
√
ε′. Then we know that
k′(
√
ε′) = k′(
√
q1) and
√
ε′ is also not contained in the first layer k1 = k′(
√
2).
By the above, we have k1(
√
ε) = k1(
√
q2) 6= k1(√q1) = k1(
√
ε′), so that
√
εε′
must not be contained in k1.
Secondly, we consider the case (ii). Assume that
(p2
p1
)
= 1. Let p1 be a prime
ideal of k above the prime number p1, which is ramified in k. By the condition
(††) and the similar arguments, we can see that the prime p1 is a principal ideal of
k, and there is an element β ∈ k× such that √p1 = ± β
√
ε. Then we know that
k(
√
ε) = k(
√
p1) and
√
ε is also not contained in the first layer k1 = k(
√
2). On
the other hand, let p′2 be a prime ideal of k′ above the prime number p2, which is
ramified in k′. By the similar arguments, we can see that the prime p′2 is a principal
ideal of k′, and there is an element β ′ ∈ k′× such that √p2 = ± β ′
√
ε′. Then we
know that k′(
√
ε′) = k′(
√
p2) and
√
ε′ is also not contained in the first layer
k1 = k
′(
√
2). By the above, we have k1(
√
ε) = k1(
√
p1) 6= k1(√p2) = k1(
√
ε′),
so that
√
εε′ must not be contained in k1.
Assume that
(p2
p1
)
= −1. Let p1 and l be the prime ideals of k above the prime
numbers p1 and 2, respectively, which are ramified in k. By the condition (††) and
the similar arguments to the case (i) and
(q2
q1
)
= 1, we can see that p1 and l have
the same decomposition field k(√q) with respect to the extension L(k)/k, so that
the ideal classes containing p1 or l are the same element of the ideal class group of
k. By the similar arguments, we know that
√
2 = ± β√ε√p1 for some β ∈ k×,
and k1(
√
ε) = k1(
√
p1). Here, we note that this result will be used in the next
chapter, so that, we mention it as follows.
Lemma 2.12. Let k = Q(√p1p2q) be the real quadratic field with prime numbers
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p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ) satisfying(p1
q
)
= 1,
(p2
q
)
= −1,
(p2
p1
)
= −1.
Let ε be the fundamental unit of k, and put the field k1 = k(
√
2). Then, we have
k1(
√
ε) = k1(
√
p1).
By this result,
√
ε′ is also not contained in k1. On the other hand, let p′2 and l′ be the
prime ideals of k′ above the prime number p2 and 2, respectively, which are rami-
fied in k′. By the condition (††) and the similar arguments, we can see that p′2 and l′
have the same decomposition field k′(
√
2q) with respect to the extension L(k′)/k′,
so that the ideal classes containing p′2 or l′ are the same element of the ideal class
group of k′. By the similar arguments, we know that
√
2 = ± β ′√ε′√p2 for some
β ′ ∈ k′×, and k1(
√
ε′) = k1(
√
p2). Therefore
√
ε′ is also not contained in k1. By
the above, we have k1(
√
ε) = k1(
√
p1) 6= k1(√p2) = k1(
√
ε′), so that
√
εε′ must
not be contained in k1.
Now, we complete the proof of the lemma 2.11.
We note that the real quadratic field Q(
√
2) has the class number 1 and the
fundamental unit 1 +
√
2 with the absolute norm N(1 +
√
2) = −1. By the
above lemma 2.11 and Theorem 2.8, a system of the fundamental units of k1 must
be { 1 + √2, ε, ε′ }. Therefore the group index Q(k1) = [ E(k1) : 〈 −1, 1 +√
2, ε, ε′ 〉 ] = 1. By the Kuroda’s class number formula in Theorem 2.8, we have
#A(k1) =
1
4
·Q(k1) ·#A(k) ·#A(k′) = 1
4
· 1 · 4 · 4 = 4.
Then we know that #A(k1) = #A(k) = 4. Since k1/k is not unramified, the
norm mapping A(k1)→ A(k) is surjective, then A(k1) ' A(k) ' (2, 2).
This completes the proof of If-part of Theorem 2.1.
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3 On the maximal unramifiedpro-2-extension of
Z2-extensions of real quadratic fields
In this chapter, based on the results in previous chapter, we shall give infinitely
many real quadratic fields k such that G = Gal(L(k∞)/k∞), the Galois group of
the maximal unramified pro-2-extension L(k∞) of the cyclotomic Z2-extension
k∞ of k, becomes “non-abelian finite” 2-group. Furthermore, we shall calculate
the order and the structure of the Galois group G for some real quadratic fields k,
and give examples of k with the Galois group G isomorphic to a dihedral group
or a generalized quaternion group, by using the theorem of H. Kisilevsky (cf.[23])
which relates a capitulation problem and the structure of the Galois group of 2-
class field tower.
3.1 Main results
In this thesis, we have interests in the structure of G = Gal(L(k∞)/k∞), the
Galois group of the maximal unramified pro-p-extension L(k∞)/k∞ of the cyclo-
tomic Zp-extension k∞ of number field k. As in Wingberg [39] and Ozaki [31]
[32], we know that the Galois group G can be a free pro-p-group of finite rank.
On the other hand, as in Theorem 1.2 and Ozaki [30], we have some examples
of totally real number fields k such that the Galois group G becomes infinite but
the maximal abelian quotient Gab ' X is finite. However, it seems to be diffi-
cult to determine the structure of G in such cases. In this chapter, to obtain some
examples of the Galois group G with non-abelian structure and finite order, we
shall treat the cyclotomic Z2-extensions k∞/k of real quadratic fields k. The main
results in this chapter are the following theorems.
Theorem 3.1. Let p1, p2, q be the prime numbers such that
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ), and
(p1p2
q
)
= −1,
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where
(∗
∗
)
is Legendre’s symbol. Let k∞ be the cyclotomic Z2-extension of a real
quadratic field k = Q(√p1p2q). Then the Galois group G = Gal(L(k∞)/k∞) of
the maximal unramified pro-2-extension L(k∞)/k∞ is isomorphic to a dihedral
group D2m with finite order 2m ≥ 8 or a generalized quaternion group Q2m with
finite order 2m ≥ 16. Furthermore, if
(p2
p1
)
= 1 and the absolute norm Nεp1p2 of
the fundamental unit εp1p2 of the real quadratic field Q(√p1p2) is positive, then
the Galois group G is isomorphic to the Galois group Gal(L(k)/k) of the 2-class
field tower of k, and which is isomorphic to a dihedral group D2m with order
2m ≥ 8 satisfying that 2m−2 is the 2-part of the class number of Q(√p1p2).
In addition, for real quadratic fields k = Q(√p1p2q) satisfying the assumption of
the latter half of Theorem 3.1, we can compute the order of the Galois group G.
We have some examples as follows.
p1 p2 q
(p2
p1
)
Nεp1p2 G
5 61 3 1 +1 D8
5 181 3 1 +1 D16
29 181 3 1 +1 D32
3821 1061 7 1 +1 D512
Here, we have to note that we have no example of k = Q(√p1p2q) in Theorem
3.1 such that G ' Q2m. Even now, it is not known whether G in Theorem 3.1 can
be isomorphic to Q2m or not. However, by dealing with the other real quadratic
fields and using computer softwares “KASH 2.2” or “PARI/GP”, we have the
following theorem.
Theorem 3.2. Let k∞ be the cyclotomic Z2-extension of a real quadratic field
k = Q(
√
5 · 113). Then the Galois group G = Gal(L(k∞)/k∞) of the maximal
unramified pro-2-extension L(k∞)/k∞ is isomorphic to a generalized quaternion
group Q16 with order 16.
The cyclotomic Z2-extensions k∞/k in Theorem 3.1 have been treated in the
case (ii) of Theorem 2.1. For the case (i) of Theorem 2.1, as a corollary to the
theorem of G. Yamamoto [42], we obtain the following.
Theorem 3.3 (Yamamoto [42]). Let q1, q2, q3 be the prime numbers such that
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ), and
(q1q2
q3
)
= −1,
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where
(∗
∗
)
is Legendre’s symbol. Let k∞ be the cyclotomic Z2-extension of a real
quadratic field k = Q(√q1q2q3). Then the Galois group G = Gal(L(k∞)/k∞) of
the maximal unramified pro-2-extension L(k∞)/k∞ is isomorphic to a Klein four
group (2, 2), i.e., G ' X ' (2.2).
Proof. As in the proof of Theorem 2.1, we know that the Hilbert 2-class field
of k is the field K = Q(√q1, √q2, √q3). In [42], It have been proved that
λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0 for the cyclotomic Z2-extension
K∞/K of this field K. This means that the Iwasawa module associated to K∞/K
is trivial, then we have L(k∞) = K∞, i.e., G = Gal(K∞/k∞) ' (2, 2). This
completes the proof of Theorem 3.3.
3.2 Kisilevsky’s theorem
In this section, we mention some properties of finite 2-groups and a theorem of
Kisilevsky, on which the proof of our results depend essentially.
Proposition 3.4 (cf. [2],[23],etc.). Let G be a finite 2-group of order 2m. Then,
the maximal abelian quotient group Gab of G is isomorphic to (2, 2) if and only if
G is isomorphic to one of the following 2-groups.
Q2m = 〈 x, y | x2m−2 = y2, y4 = 1, y−1xy = x−1 〉 with m ≥ 3,
D2m = 〈 x, y | x2m−1 = y2 = 1, y−1xy = x−1 〉 with m ≥ 3,
SD2m = 〈 x, y | x2m−1 = y2 = 1, y−1xy = x2m−2−1 〉 with m ≥ 4,
(2, 2) = 〈 x, y | x2 = y2 = 1, y−1xy = x 〉,
where the groups Q2m , D2m , SD2m are the ‘generalized quaternion’, ‘dihedral’,
‘semidihedral’ groups of order 2m respectively, and (2, 2) is ‘Klein four group’,
i.e., an abelian group isomorphic to Z/2Z× Z/2Z.
Suppose that a 2-group G with Gab ' (2, 2) is isomorphic to Q2m, D2m , SD2m ,
or (2, 2), as in Proposition 3.4. Let {x, y } be a generator system of the group G
satisfying the relations in the above definition of Q2m, D2m , SD2m , or (2, 2). By
an easy calculation, we can see that the commutator subgroup [G, G] = 〈 x2 〉, and
that there are just three subgroups of index 2 : H1 = 〈 x 〉, H2 = 〈 x2, y 〉, H3 =
〈 x2, xy 〉. If G ' Q8 or (2, 2), then all the three subgroups Hi are cyclic. If
G ' Q2m (m ≥ 4 ) or D2m , SD2m , then H1 is cyclic and H2ab ' H3ab ' (2, 2).
Furthermore, we have the following table on the structure of Hi.
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G D8 D2m Q8 Q2m SD2m (2, 2) m ≥ 4
H1 Z/4Z Z/2
m−1Z Z/4Z Z/2m−1Z Z/2m−1Z Z/2Z
H2 (2, 2) D2m−1 Z/4Z Q2m−1 D2m−1 Z/2Z
H3 (2, 2) D2m−1 Z/4Z Q2m−1 Q2m−1 Z/2Z
Let k be a finite extension of Q such that A(k) ' (2, 2), where A(k) is the
2-Sylow subgroup of the ideal class group of k. We denote by
k ⊂ L(k) ⊆ L2(k) ⊆ · · · ⊆ Ln(k) ⊆ · · · ⊆ L(k)
the 2-class field tower of k, whereL(k) is the maximal unramified pro-2-extension
of k. By Proposition 3.4, we know that the Galois group Gal(Ln(k)/k) ( n ≥
2 ) is isomorphic to Q2m , D2m , SD2m (m ≥ 4 ), or (2, 2), and has the cyclic
commutator subgroup Gal(Ln(k)/L(k)). Then L2(k) = L3(k) = · · · = L(k),
and Gal(L(k)/k) ' Q2m , D2m , SD2m , or (2, 2). Let Hi ( i = 1, 2, 3 ) be the
subgroups of G = Gal(L(k)/k) associated to the above notations. There are just
three quadratic subextensions Fi/k ( i = 1, 2, 3 ) such that Hi = Gal(L(k)/Fi)
and the 2-class group A(Fi) ' Hiab. If G ' Q8 or (2, 2), all the three 2-class
groups A(Fi) ( i = 1, 2, 3 ) are cyclic. If G ' Q2m (m > 3 ) or D2m , SD2m , then
A(F1) is cyclic and A(F2) ' A(F3) ' (2, 2). Furthermore, Hi ( i = 1, 2, 3 ) have
the structure as in the above table.
Let j : A(k) → A(F ) be the lifting mapping for F = Fi ( i = 1, 2, 3 ). Now,
we set two conditions on capitulation as follows, which are often called “Taussky
condition” ( TC ).
(A) #(kerj ∩NF/kA(F )) > 1
(B) #(kerj ∩NF/kA(F )) = 1
In [23], Kisilevsky showed a remarkable theorem which relates these conditions
and the structure of the Galois group G = Gal(L(k)/k). The theorem states that,
under the above settings, one of the following conditions occurs (cf. [23],[2]).
F1 F2 F3
G #kerj TC #kerj TC #kerj TC
D2m 4 (A) 2 (B) 2 (B)
Q8 2 (A) 2 (A) 2 (A)
Q2m (m ≥ 4 ) 2 (A) 2 (B) 2 (B)
SD2m 2 (B) 2 (B) 2 (B)
(2, 2) 4 (A) 4 (A) 4 (A)
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Especially, we have the following theorem.
Theorem 3.5 (Kisilevsky [23]). Let k be a number field such that the 2-class
group A(k) ' (2, 2). Assume that the Galois group G = Gal(L(k)/k) of
the 2-class field tower of k is not isomorphic to Q8, nor (2, 2). Let F/k be
the unique quadratic subextension of L(k)/k which has the cyclic 2-class group
A(F ) ' Gal(L(k)/F ). Let j : A(k) → A(F ) be the lifting mapping of A(k) to
A(F ). Then
#(kerj ∩NF/kA(F )) > 1, #kerj = 4 ⇒ G ' D2m (m ≥ 3 ),
#(kerj ∩NF/kA(F )) > 1, #kerj = 2 ⇒ G ' Q2m (m > 3 ),
#(kerj ∩NF/kA(F )) = 1, #kerj = 2 ⇒ G ' SD2m (m > 3 ).
In [23], by using this theorem, Kisilevsky have determined the structure of the Ga-
lois groups Gal(L(k)/k) for imaginary quadratic quadratic fields k with A(k) '
(2, 2). Also, Benjamin and Snyder [2] described the structure of the Galois groups
Gal(L(k)/k) for real quadratic fields k with A(k) ' (2, 2), by the graph theory.
3.3 Proof of Theorem 3.1
Now, we shall prove Theorem 3.1. Let p1, p2, q be the prime numbers as in the
statement of Theorem 3.1. Without loss of generality, we may assume that
p1 ≡ p2 ≡ 5 (mod 8 ), q ≡ 3 (mod 4 ),
(p1
q
)
= 1,
(p2
q
)
= −1. (††)
Let k∞ be the cyclotomic Z2-extension of a real quadratic field k = Q(
√
p1p2q).
By Theorem 2.1, we already know that A(kn) ' (2, 2) for any n-th layer kn =
Qn(
√
p1p2q), then the Iwasawa module X ' (2, 2). Since the Hilbert 2-class
field L(k) of k is equal to the genus field kG = Q(
√
p1,
√
p2,
√
q), we know that
L(kn) = Qn(
√
p1,
√
p2,
√
q) for all n ≥ 0 and L(k∞) = Q∞(√p1,√p2,√q).
Then, the extension L(kn)/kn has just three quadratic subextensions kn(√p1)/kn,
kn(
√
p2)/kn, kn(
√
q)/kn. By Proposition 3.4, for each n ≥ 0, the Galois group
Gal(L(kn)/kn) of the maximal unramified pro-2-extension L(kn)/kn is isomor-
phic to Q2m , D2m , SD2m+1 , or (2, 2) for some m ≥ 3.
Lemma 3.6. Under the above situation, if
(p2
p1
)
= 1, then
Gal(L(k)/k) ' D2m ,
A(k(
√
q)) ' Gal(L(k)/k(√q)) ' Z/2m−1Z
29
for some m ≥ 3. On the other hand, if
(p2
p1
)
= −1, then
Gal(L(k)/k) ' (2, 2), Gal(L(k1)/k1) ' D8,
A(k1(
√
q)) ' Gal(L(k1)/k1(√q)) ' Z/4Z.
Proof. First, we consider the case
(p2
p1
)
= 1. By the condition (††), the number
of prime ideals of Q(√p1) which ramify in k(√p1)/Q(√p1) is 5. By applying
Theorem 2.5 for the extension k(√p1)/Q(√p1) and the fact #A(Q(√p1)) = 1,
we have
#(A(k(
√
p1))/2A(k(
√
p1))) = #A(k(
√
p1))
G ≥ 22.
By the arguments in section 3.2, Gal(L(k)/k) is not isomorphic to Q8 nor (2, 2),
and A(k(√p1)) ' (2, 2). Then A(k(√q)) is cyclic or isomorphic to (2, 2).
Now, we assume that A(k(√q)) is not cyclic, i.e., A(k(√q)) ' (2, 2). The
norm map A(k(√q))→ A(Q(√p1p2)) is surjective, then A(Q(√p1p2)) ' Z/2Z.
The Hilbert 2-class field L(Q(√p1p2)) is the genus field Q(√p1,√p2). Let l be
a prime ideal of Q(√p1p2) above the prime number 2, and h the non-2-part of
the class number of k(√q). We note that the non-2-part of the class number of
Q(
√
p1p2) divides h. By the condition (††), the prime l is inert in Q(√p1,√p2).
Then the ideal a = lh is not principal in Q(√p1p2), and the ideal class containing a
is a generator of A(Q(√p1p2)). Let L be a prime ideal of k(√q) above the prime
l and put the ideal A = Lh. The prime l is ramified in k(√q)/Q(√p1p2), i.e.,
l = L2. The ideal class containing A is a nontrivial element of A(k(√q)), and A2
is principal. Since a = A2 is principal in k(√q), the lifting map A(Q(√p1p2))→
A(k(
√
q)) is zero map. Then the endomorphism σ+1 : A(k(√q))→ A(k(√q)) is
also zero map, where σ is a generator of the Galois group Gal(k(√q)/Q(√p1p2)).
The action of σ on A(k(√q)) is trivial. Let τ be a generator of the Galois
group Gal(k(√q)/Q(√q)). By the fact #A(Q(√q))) = 1, the action of τ on
A(k(
√
q)) is also trivial. Then the Galois group Gal(k(√q)/k) = 〈στ 〉 acts on
A(k(
√
q)) trivially, so that L(k(√q))/k is an unramified abelian 2-extension, but
L(k(
√
q)) 6= L(k). This is contradiction. We know that A(k(√q)) is cyclic.
Let l0 and q0 be the prime ideals of k above 2 and q, respectively. By the con-
dition (††), the decomposition subfields of L(k)/k for l0, q0 are k(√q), k(√p1),
respectively. Then we can see that the ideal classes of l0 and q0 generate A(k). Let
l0
′ and q0′ be the prime ideals of Q(
√
q) above 2 and q, respectively. By the fact
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#A(Q(
√
q)) = 1, l0
′ and q0′ are the principal ideals. Since l0 = l0′ and p0 = p0′
in k(√q), the lifting map j : A(k) → A(k(√q)) is zero map. Let L0 be a prime
ideal of k(√q) above the prime l0 and put the ideal A0 = L0h, where h is the
non-2-part of the class number of k(√q). Since L0 is inert in L(k)/k(√q) and
A(k(
√
q)) is cyclic, then the ideal class of A0 is a generator of A(k(
√
q)). Since
Nk(√p)/kL0 = l0, then #(kerj ∩ Nk(√q)/kA(k(√q))) = 2. By Theorem 3.5, we
know that Gal(L(k)/k) ' D2m for some m ≥ 3. By the arguments in section 3.2,
we also know that A(k(√q)) ' Gal(L(k)/k(√q)) ' Z/2m−1Z.
Secondly, we consider the case
(p2
p1
)
= −1. Let ε, εp1p2 , εq be the fundamen-
tal units of the real quadratic fields k, Q(√p1p2), Q(√q), respectively. By Theo-
rem 2.4, we can see that A(Q(√p1p2)) ' A+(Q(√p1p2)) ' Z/2Z, where A+(∗)
means the 2-Sylow subgroup of the narrow ideal class group. Then, we know that
the absolute norm Nεp1p2 = −1. Since k1(
√
p1) = k1(
√
ε) by Lemma 2.12 in the
previous chapter,
√
ε is not contained in k(√q). By the facts #A(Q(√q)) = 1
and the prime ideal l0′ of Q(
√
q) above 2 is ramified, we know that l0′ is prin-
cipal. Therefore, by the similar arguments in the proof of Lemma 2.11, there is
an element α of Q(√q) such that √2 = ±α√εq. Then Q1(√q) = Q(√q,√εq),
especially, √εq is not contained in k(√q). If √εεq ∈ k(√q), we have k1(√q) =
k1(
√
q,
√
εq) = k1(
√
q,
√
ε) = k1(
√
q,
√
p1), this is contradiction. Then
√
ε,
√
εq,√
εεq 6∈ k(√q). Here, we note that Nε = Nεq = 1 and Nεp1p2 = −1. By
Theorem 2.8, we have Q(k(√q)) = 1 and
#A(k(
√
q)) =
1
4
·Q(k(√q)) ·#A(k) ·#A(Q(√q)) ·#A(Q(√p1p2))
=
1
4
· 1 · 4 · 1 · 2 = 2.
By the arguments in section 3.2, we have Gal(L(k)/k) ' (2, 2).
Now, we put the field K = Q(√p1,√p2,√q) and its cyclotomic Z2-extension
K∞/K. We know that K = kG = L(k) = L(k), Kn = L(kn) and #A(K) =
1. If #A(K1) = 1, we have λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0 by
Theorem 2.9. However, this contradicts the determination of number fields K
with λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0 in Yamamoto’s thesis [42].
Then we know that #A(K1) 6= 1 and Gal(L(k1)/k1) 6' (2, 2). ( As in [42],
we can see that the class number of K1 = Q(
√
2,
√
p1,
√
p2,
√
q) is even, i.e.,
#A(K1) 6= 1 by 5.6 Theorem in [7]. ) Therefore, Gal(L(k1)/k1) ' D2m , Q2m ,
or SD2m+1 for some m ≥ 3.
31
Now we assume A(k1(
√
q)) is not cyclic. Then, A(k1(
√
q)) ' (2, 2) and
Gal(L(k1)/k1) 6' Q8 by the arguments in section 3.2. By applying Theorem 2.5
for Q1(
√
p1p2)/Q1 and the fact #A(Q1) = 1 and the condition (††), we know
that A(Q1(
√
p1p2)) is cyclic. The norm map A(k1(
√
q)) → A(Q1(√p1p2)) is
surjective, then A(Q1(√p1p2)) ' Z/2Z and L(Q1(√p1p2)) = Q1(√p1,√p2).
Let l1 be a prime ideal of Q1(
√
p1p2) above the prime number 2, and h1 the non-
2-part of the class number of k1(
√
q). We note that the non-2-part of the class
number of Q1(
√
p1p2) divides h1. By the condition (††), the prime l1 is inert in
Q1(
√
p1,
√
p2). Then the ideal a1 = lh11 is not principal in Q1(
√
p1p2), and the
ideal class containing a1 is a generator of A(Q1(
√
p1p2)). Let L1 be a prime ideal
of k1(
√
q) above the prime l1 and put the ideal A1 = Lh11 . The prime l1 is ramified
in k1(
√
q)/Q1(
√
p1p2), i.e., l1 = L21. The ideal class containing A1 is a nontrivial
element of A1(k(
√
q)), and A21 is principal. Since a1 = A21 is principal in k1(
√
q),
the lifting map A(Q1(
√
p1p2)) → A(k1(√q)) is zero map. Then the endomor-
phism σ1+1 : A(k1(
√
q))→ A(k1(√q)) is also zero map, where σ1 is a generator
of the Galois group Gal(k1(
√
q)/Q1(
√
p1p2)). The action of σ1 on A(k1(
√
q)) is
trivial. Let τ1 be a generator of the Galois group Gal(k1(
√
q)/Q1(
√
q)). By the
fact #A(Q1(
√
q))) = 1 ( use Theorem 2.2 ), the action of τ1 on A(k1(√q)) is also
trivial. Then the Galois group Gal(k1(
√
q)/k1) = 〈σ1τ1〉 acts on A(k1(√q)) triv-
ially, so that L(k1(
√
q))/k1 is an unramified abelian 2-extension, but L(k1(
√
q)) 6=
L(k1). This is contradiction. We know that A(k1(
√
q)) is cyclic and isomorphic
to Gal(L(k1)/k1(√q)).
Let L, L1 be the prime ideals above 2 of the fields k(
√
p), k1(
√
p) respectively,
such that L = L21. We denote by h1 the non-2-part of the class number of k1(
√
q).
By the condition (††), L and L1 are inert in L(k) and L(k1), respectively. Then L
and L1 are not decomposed in L(k1(
√
q)) = L(k1). Therefore, the ideal classes
containing A = Lh1 , A1 = Lh11 generate A(k(
√
q)), A(k1(
√
q)), respectively.
Since A41 = A21 is principal and #A(K1) 6= 1, i.e., A(k1(
√
q)) 6' Z/2Z, we have
A(k1(
√
q)) ' Z/4Z and #Gal(L(k1)/k1) = 8. Thus, Gal(L(k1)/k1) ' D8 or
Q8.
We put the field F = k(√p1,
√
2q). The (2, 2)-extension L(k1)/k(
√
p1) has
three non-trivial subextensions L(k), F , k1(
√
p1). The extension L(k1)/k(√p1)
is unramified outside 2, and no prime ideal above 2 ramifies in L(k1)/F , then
L(k1)/F is unramified extension of degree 4.
Now, we assume H = Gal(L(k1)/k(√p1)) is abelian. Let L′ be a prime ideal
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of k(√p1) above 2. By the condition (††), L′ is unique prime ideal of k(√p1) ram-
ified inL(k1)/k(√p1), and its ramification index is 2. Then kT /k(√p1) is unrami-
fied abelian extension of degree 4, where kT is a inertia subfield of L(k1)/k(√p1).
This contradicts #A(k(√p1)) = 2. Therefore, H = Gal(L(k1)/k(√p1)) is
non-abelian 2-group of degree 8, and has the maximal abelian quotient Hab =
Gal(L(k1)/k(
√
p1)) ' (2, 2). By Proposition 3.4, H ' D8 or Q8. Here, we
note that the prime ideal above 2 is ramified in L(k1)/L(k) and unramified in
L(k1)/L(k1). Therefore, L(k1)/L(k) must not be cyclic. We know that H =
Gal(L(k1)/k(√p1)) ' D8 and Gal(L(k1)/L(k)) ' (2, 2).
We shall consider the extension F/Q(√p1). Let q˜ be a prime ideal of Q(√p1)
above q. By the condition (††), the prime q˜ is ramified in Q(√p1,
√
2q) and
k(
√
p1). Let q, q0 be the prime ideals above q˜ of k(
√
p1), Q(
√
p1,
√
2q) respec-
tively. By the condition (††), q and q0 split in F , so that q = q0 as the ideal of
F . Let h be the non-2-part of the class number of F , and put a = qh. By the
condition (††), we can see that q is inert in L(k) = L(k(√p1)), therefore the ideal
class containing a is a generator of A(k(√p1)) ' Z/2Z. On the other hand, the
ideal class containing a0 = qh0 is an element of A(Q(
√
p1,
√
2q)) and a = a0 in
A(F ). We can see that Q(√p1,
√
2q) is the genus field of the real quadratic field
Q(
√
2p1q), and that A+(Q(
√
2p1q)) ' A(Q(
√
2p1q)) ' Z/2Z by Theorem 2.4
and the condition (††). Therefore #A(Q(√p1,
√
2q)) = 1 and a0 is a principal
ideal of Q(√p1,
√
2q), i.e., a = a0 is principal in F . We know that the lifting map
A(k(
√
p1)) → A(F ) is zero map. By the condition (††), the unique prime ideal
of k(√p1) above 2 is the only prime ideal ramified in F . By Theorem 2.5 and
Remark 2.6, we can see that A(F ) is cyclic.
The maximal subgroups of H ' D8 are Gal(L(k1)/L(k)) ' (2, 2) and
Gal(L(k1)/k1(√p1)) ' A(k1(√p1)), Gal(L(k1)/F ) ' A(F ). By the above
results, we know that Gal(L(k1)/k1(√p1)) ' A(k1(√p1)) ' (2, 2). Therefore,
Gal(L(k1)/k1) must not be isomorphic to Q8, i.e., Gal(L(k1)/k1) ' D8. This
completes the proof of Lemma 3.6.
By Lemma 3.6 and the arguments in section 3.2, for each n ≥ 1, we have
Gal(L(kn)/kn) ' Q2m+1, D2m , SD2m+1 for some m ≥ 3 and the maximal sub-
group Gal(L(kn)/kn(√q)) ' A(kn(√q)) is cyclic.
Let L0 be a prime ideal of k(
√
q) above 2, and Ln a prime ideal of kn(
√
q)
above the prime L0. Let hn be the non-2-part of the class number of kn(
√
q),
33
and put the ideal An = Lnhn . By the condition (††), we can see that Ln is inert
in the unramified quadratic extension L(kn)/kn(
√
q) for all n ≥ 0. Then, the
ideal class of An is a generator of A(kn(
√
p)) for each n ≥ 0. The prime L0 is
totally ramified in the cyclotomic Z2-extension k∞(
√
q)/k(
√
q), i.e., L0 = Ln2
n
for all n ≥ 0. Then the Galois group Γ = Gal(k∞(√q)/k(√q)) ' Z2 acts on
A(kn(
√
p)) trivially. Now, we need the following theorem.
Theorem 3.7 (Greenberg [14]). Let F∞ be the cyclotomic Zp-extension of a to-
tally real number field F with the Galois group Γ = Gal(F∞/F ). Assume that
Leopoldt’s conjecture holds for the field F and the prime number p. Let A(Fn)Γ
be the group generated by all Γ-invariant ideal classes in the p-Sylow subgroup
of the ideal class group of n-th layer Fn. Then #A(Fn)Γ remains bounded as
n→∞.
By applying this Theorem 3.7 to k∞(
√
q)/k(
√
q), we know that #A(kn(
√
q)) is
bounded as n → ∞, since A(kn(√q)) = A(kn(√q))Γ and Leopoldt’s conjecture
holds for any abelian extension of Q. Then Gal(L(k∞)/k∞(√q)), which is the
Iwasawa module associated to k∞(
√
q)/k(
√
q), is a finite cyclic group.
Let ln and ln′ be the prime ideals of kn and Qn(
√
q) above 2, respectively.
Put the ideals an = (ln)hn and an′ = (ln′)hn . By Theorem 2.2, we know thet
#A(Qn(
√
q)) = 1 and an′ is principal. By the condition (††), both prime ideals ln
and ln′ split in kn(
√
q), then an = an′ as a principal ideal of kn(
√
q). Since an =
Nkn(
√
q)/knAn, then #(kerjn ∩ Nkn(√q)/knA(kn(
√
q))) > 1 where jn : A(kn) →
A(kn(
√
q)) is the lifting map. By Theorem 3.5, we know that Gal(L(kn)/kn) '
D2m or Q2m+1 for some m ≥ 3. Since the Galois group Gal(L(k∞)/k∞) '
Gal(L(kn)/kn) for all sufficiently large n ≥ 0, we have G = Gal(L(k∞)/k∞) '
D2m or Q2m+1 for some m ≥ 3. This is the first half of the statement of Theorem
3.1.
Now, we shall prove the latter half of the statement of Theorem 3.1. In the
following, we denote by εd the fundamental unit of the real quadratic field Q(
√
d).
Assume that
(p2
p1
)
= 1 and Nεp1p2 = +1.
Since the genus field of Q(√p1p2) is Q(√p1,√p2), A(Q(√p1p2)) is cyclic.
Then, we have #A(Q(√p1p2)) = 2#A(Q(√p1,√p2)). By Theorem 2.8 and the
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facts #A(Q(√p1)) = #A(Q(√p2)) = 1,
#A(Q(
√
p1p2)) = 2#A(Q(
√
p1,
√
p2))
= 2 · 1
4
·Q(Q(√p1,√p2)) ·#A(Q(√p1p2)) ·#A(Q(√p1)) ·#A(Q(√p2))
=
1
2
·Q(Q(√p1,√p2)) ·#A(Q(√p1p2)),
then Q(Q(√p1,√p2)) must be 2. By Theorem 2.8 and the facts Nεp1p2 = 1,
Nεp1 = Nεp2 = −1, the unit √εp1p2 is contained in Q(
√
p1,
√
p2).
We already know that A(k1(
√
q)) is cyclic, then A(Q1(
√
p1p2)) is also cyclic.
Let l0 be a prime ideal of Q(
√
p1p2) above 2, and l1 the prime ideal of Q1(
√
p1p2)
above l0. We denote by h the non-2-part of the class number of k1(
√
q). Then we
can see that ideal class containing a0 = lh0 , a1 = lh1 is contained in A(Q(
√
p1p2)),
A(Q1(
√
p1p2)) respectively. Since l0, l1 are inert in the unramified extension
Q(
√
p1,
√
p2), Q1(
√
p1,
√
p2), the ideal class containing a0, a1 is a generator of
A(Q(
√
p1p2)), A(Q1(
√
p1p2)) respectively. Since l0 = l21, i.e., a0 = a21, we have
#A(Q1(
√
p1p2)) = e ·#A(Q(√p1p2)) for e = 1 or 2.
By Theorem 2.4, we can see that A+(Q(
√
2p1p2)) ' A(Q(
√
2p1p2)) ' (2, 2)
and Nε2p1p2 = −1. By applying Theorem 2.8 to Q1(
√
p1p2) = Q(
√
2,
√
p1p2),
we have
e ·#A(Q(√p1p2)) = #A(Q1(√p1p2))
=
1
4
·Q(Q1(√p1p2)) ·#A(Q1) ·#A(Q(
√
2p1p2)) ·#A(Q(√p1p2))
=
1
4
·Q(Q1(√p1p2)) · 1 · 4 ·#A(Q(√p1p2)),
and Q(Q1(
√
p1p2)) = e = 1 or 2. If e = 2, then
√
εp1p2 is contained in Q1(
√
p1p2)
by Theorem 2.8, since Nε2 = Nε2p1p2 = −1, Nεp1p2 = +1. However, √εp1p2
is contained in Q(√p1,√p2), then Q(Q1(√p1p2)) = e must be 1. Especially, we
have
#A(Q(
√
p1p2)) = #A(Q1(
√
p1p2)).
Let l0 be the prime ideal of k(
√
q) above l0, and put a0 = lh0 . Then we
have a0 = a20 since l0 is ramified in k(
√
q)/Q(
√
p1p2). Furthermore, l0 is in-
ert at L(k)/k(
√
q) since l0 is inert at Q(
√
p1,
√
p2)/Q(
√
p1p2). Since A(k(
√
q))
is cyclic by Lemma 3.6, the ideal class containing a0 is a generator of A(k(
√
q)).
By the above, we have #A(k(√q)) = e′ · #A(Q(√p1p2)) for e′ = 1 or 2. By
applying Theorem 2.8 to k(√q) = Q(√p1p2,√q), we have
e′ ·#A(Q(√p1p2)) = #A(k(√q))
=
1
4
·Q(k(√q)) ·#A(k) ·#A(Q(√q)) ·#A(Q(√p1p2))
=
1
4
·Q(k(√q)) · 4 · 1 ·#A(Q(√p1p2)),
so that Q(k(√q)) = e′ = 1 or 2.
Let σ be the generator of Gal(k(√q)/Q(√q)), and τ be the generator of
Gal(k(
√
q)/Q(
√
p1p2)). Then, στ is the generator of Gal(k(
√
q)/k). Since
Nεq = Nεp1p2 = 1, we have
Nk(√q)/k(εp1p2q) = ε
στ+1
p1p2q
= ε2p1p2q,
Nk(√q)/k(εq) = εστ+1q = ε
τ+1
q = Nεq = 1,
Nk(√q)/k(εp1p2) = ε
στ+1
p1p2
= εσ+1p1p2 = Nεp1p2 = 1.
Now, we assume that Q(k(√q)) = e′ = 1. Then, Nk(√q)/kE(k(√q)) = 〈ε2p1p2q〉 =
E(k)2 by Theorem 2.8. By applying Theorem 2.5 to the unramified extension
k(
√
q)/k, we have
1 ≤ #B(k(√q))G = #A(k)× 2
−1
[ E(k) : Nk(√q)/kE(k(
√
q))]
= #A(k)× 2
−1
[ E(k) : E(k)2]
= 4× 2
−1
4
= 2−1 < 1,
this is contradiction. Therefore, Q(k(√q)) = e′ must be 2. Especially, we have
#A(k(
√
q)) = 2 ·#A(Q(√p1p2)).
Let l1 be the prime ideal of k1(
√
q) above l1, and put a1 = lh1 . Then we have
a1 = a
2
1 since l1 is ramified in k1(
√
q)/Q1(
√
p1p2). Furthermore, l1 is inert at
L(k1)/k1(
√
q) since l1 is inert at Q1(
√
p1,
√
p2)/Q1(
√
p1p2). Since A(k1(
√
q)) is
cyclic by Lemma 3.6, the ideal class containing a1 is a generator of A(k1(
√
q)).
By the above, we have
#A(k1(
√
q)) ≤ 2 ·#A(Q1(√p1p2)).
By the above results, we have the following.
2 ·#A(Q1(√p1p2)) ≥ #A(k1(√q))
= ≤
2 ·#A(Q(√p1p2)) = #A(k(√q))
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Then, we have #A(k(√q)) = #A(k1(√q)). By applying Theorem 2.9 to the
cyclotomic Z2-extension k∞(
√
q)/k(
√
q), we know that A(k(√q)) ' A(kn(√q))
for all n ≥ 0. By Lemma 3.6, Gal(L(k∞)/k∞(√q)) ' Gal(L(k)/k(√q)) and
Gal(L(k∞)/k∞) ' Gal(L(k)/k) ' D2m
for some m ≥ 3. Furthermore, we have
2m = #Gal(L(k)/k) = 2 ·#A(k(√q)) = 4 ·#A(Q(√p1p2)).
Now, the latter half of Theorem 3.1 is proved. This completes the proof of Theo-
rem 3.1.
3.4 Proof of Theorem 3.2
First, we shall prove the following proposition.
Proposition 3.8. Let p1, p2 be the prime numbers such that
p1 ≡ 1, p2 ≡ 5 (mod 8 ), and
(p2
p1
)
= −1,
( 2
p1
)
4
= (−1) p1−18 ,
where
(∗
∗
)
is Legendre’s symbol and
(∗
∗
)
4
is 4-th power residue symbol. Let
k∞/k be the cyclotomic Z2-extension of a real quadratic field k = Q(√p1p2),
and kn its n-th layer. Assume that the following two conditions are satisfied.
(C1) The prime ideal of Q(√2p1,√p2) above 2 is not principal.
(C2) The class number of k2 is not divisible by 8.
Then the Galois group G = Gal(L(k∞)/k∞) of the maximal unramified pro-
2-extension L(k∞)/k∞ is isomorphic to a generalized quaternion group Q2m
with finite order 2m ≥ 8 satisfying that 2m is the 2-part of the class number of
Q(
√
2p1,
√
p2).
Proof. By applying Theorem 2.4 to k = Q(√p1p2) and k′ = Q(
√
2p1p2), we
can see that A+(k) ' A(k) ' Z/2Z and A+(k′) ' A(k′) ' (2, 2). Then the
Hilbert 2-class fields are L(k) = Q(√p1,√p2) and L(k′) = Q(
√
2,
√
p1,
√
p2).
Furthermore, Gal(L(k′)/k′) ' Q2m , D2m , SD2m+1 for some m ≥ 3 or (2, 2) by
Proposition 3.4.
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Let l, p1, p2 be the prime ideals of k′ above 2, p1, p2, respectively. We can see
that the decomposition subfields of the extension L(k′)/k′ associated to l, p1, p2
are k′(
√
p1), k
′(
√
2), k′(
√
p2), respectively. Then the ideal classes containing l,
p1, p2 are distinct non-trivial elements of A(k′) ' (2, 2).
Since the number of prime ideals ramified in k1/Q1 is 3, we can see that
the rank of A(k1) is 2 by Theorem 2.7. The first layer k1 = k′(
√
2) is un-
ramified over k′, then we have L(k′) = L(k1). Therefore, the Galois group
Gal(L(k1)/k1) is the maximal subgroup of Gal(L(k′)/k′) with non-cyclic abelian
quotient Gal(L(k1)/k1) ' A(k1). By the arguments in 3.2, we can see that
Gal(L(k′)/k′) is not isomorphic to Q8 nor (2, 2), and that Gal(L(k1)/k1) '
A(k1) ' (2, 2).
By applying Theorem 2.5 to k′(√p2)/Q(√p2) and the fact #A(Q(√p2)) = 1,
we can see that A(k′(√p2)) is cyclic. Then Gal(L(k′)/k′(√p2)) ' A(k′(√p2)) is
the unique maximal subgroup of Gal(L(k′)/k′) which is cyclic. Let p′2 = (
√
p2)
be the prime ideal of Q(√p2) above p2. Since both prime ideals p2 and p′2
split in k′(√p2), then p2 = p′2 as a principal ideal of k′(
√
p2), and the ideal
class containing p2 is an element of Nk′(√p2)/k′A(k′(
√
p2)). Then, we know that
#(kerj ∩ Nk′(√p2)/k′A(k′(
√
p2))) > 1 where j : A(k′) → A(k′(√p2)) is the lift-
ing map. Here, we note that l is inert in k′(√p2) = Q(
√
2p1,
√
p2), and the lifted l
is the unique prime ideal of Q(
√
2p1,
√
p2) above 2. By the assumption (C1), we
have #kerj = 2. By Theorem 3.5 and the arguments in section 3.2, we know that
Gal(L(k′)/k′) ' Q2m+1 with 2m = #A(Q(
√
2p1,
√
p2)) ≥ 8. Furthermore, we
also know that Gal(L(k1)/k1) ' Q2m .
The Z2-extension k∞/k1 is totally ramified, then the norm mapping A(k2) →
A(k1) is surjective. By the assumption (C2), we know that A(k2) ' A(k1) '
(2, 2). Furthermore, by applying Theorem 2.9 to k∞/k1, we have A(kn) ' (2, 2)
for all n ≥ 1. Since the restriction map Gal(L(kn)/kn) → Gal(L(k1)/k1) is
surjective, for each n ≥ 1, we have Gal(L(kn)/kn) ' Gn = Q2M , D2M , SD2M
for some M ≥ m by Proposition 3.4. Let {x, y } be a generator system of the
group Gn satisfying the relations as in Proposition 3.4, i.e.,
Q2M = 〈 x, y | x2M−2 = y2, y4 = 1, y−1xy = x−1 〉 M ≥ 3,
D2M = 〈 x, y | x2M−1 = y2 = 1, y−1xy = x−1 〉 M ≥ 3,
SD2M = 〈 x, y | x2M−1 = y2 = 1, y−1xy = x2M−2−1 〉 M ≥ 4.
Let N be the kernel of the surjective homomorphism Gn → Q2m induced by the
restriction map Gal(L(kn)/kn) → Gal(L(k1)/k1). Then, N is contained in the
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commutator subgroup 〈x2 〉 ' Z/2M−2Z. We have N = 〈x2m−1 〉 ' Z/2M−mZ,
and x2m−1 ∈ N but x2m−2 6∈ N . If Gn = D2M , we can see that Gn/N ' D2m , this
is contradiction. If Gn = SD2M , we may assume that M ≥ m + 1 and #N 6= 1.
Then M − 2 ≥ m− 1, we have x2M−2 ∈ N , and
y−1xy = x2
M−2−1 ≡ x−1 mod N.
Therefore, we can see that Gn/N ' D2m , this is contradiction. Therefore Gn =
Q2M for some M ≥ m. Assume that M > m, i.e., #N 6= 1. Then, we have
M − 2 ≥ m− 1 and
y2 = x2
M−2 ≡ 1 mod N.
Then, we can see that Gn/N ' D2m , this is contradiction. Now, we have M =
m, i.e., #N = 1 and Gn = Q2m for each n ≥ 1. Therefore, we know that
Gal(L(kn)/kn) ' Gal(L(k1)/k1) ' Q2m for all n ≥ 1, and
G = Gal(L(k∞)/k∞) ' Q2m.
Recall that 2m = #A(Q(
√
2p1,
√
p2)). This completes the proof of Proposition
3.8.
By using computer softwares, “KASH 2.2” or “PARI/GP”, one can see that
a pair ( p1, p2 ) = ( 113, 5 ) satisfies the assumption of Proposition 3.8 and the
conditions (C1) and (C2), and that #A(Q(
√
2 · 113,√5)) = 16. Then, we have
Theorem 3.2.
3.5 Further consideration
Let p be an arbitrary prime number, and k a finite extension of Q. As in [35], we
know that the maximal unframified pro-p-extension L(k)/k is a finite extension (
i.e., the p-class field tower of k is finite ) if and only if there exists a finite extension
K/k such that p does not divide the class number of K. For the cyclotomic Zp-
extension k∞/k, we have the following proposition by the similar arguments.
Proposition 3.9. The maximal unframified pro-p-extension L(k∞)/k∞ of the cy-
clotomic Zp-extension k∞/k is a finite extension ( i.e., the Galois group G =
Gal(L(k∞)/k∞) is finite ) if and only if there exists a finite extension K/k such
that the Iwasawa invariants associated to the cyclotomic Zp-extension K∞/K
satisfy λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0.
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Proof. Assume that L(k∞)/k∞ is a finite extension. Then, we have L(kn)k∞ =
L(k∞), and K∞ = L(k∞) is the cyclotomic Zp-extension of K = L(kn) for
all sufficiently large n ≥ 0. K∞ has no unramified abelian p-extension, then
λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0. Conversely, we assume the existence
of a finite extension K/k such that λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0.
The pro-p-extension L(k∞)K∞/K∞ is unramified, but K∞ has no unramified
abelian p-extension, therefore L(k∞) ⊂ K∞ and L(k∞)/k∞ is finite extension.
In [41] and [42], Yamamoto determined all real abelian p-extensions K/Q with
λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0 for the cyclotomic Zp-extension
K∞/K, for each prime number p ≥ 2. On the other hand, in this chapter, we
showed the finiteness of the Galois group G = Gal(L(k∞)/k∞) for the cyclo-
tomic Z2-extension k∞/k of certain real quadratic fields. Then, by the above
Proposition 3.9, we obtain some examples of real non-abelian 2-extension K/Q
with λ(K∞/K) = µ(K∞/K) = ν(K∞/K) = 0 for the cyclotomic Z2-extension
K∞/K. Especially, we have the following corollary of Theorem 3.1.
Corollary 3.10. Let k = Q(√p1p2q) be the real quadratic field treated in Theo-
rem 3.1 with
(p2
p1
)
= 1 and Nεp1p2 = 1. Then, the maximal unramified pro-2-
extension K = L(k) of k is a finite extension of Q, and satisfies λ(K∞/K) =
µ(K∞/K) = ν(K∞/K) = 0 for the cyclotomic Z2-extension K∞/K.
Let k∞/k be the cyclotomic Zp-extension of a totally real number field k, and
kn its n-th layer. For each n ≥ 0, we put the p-class field tower
kn = L
0(kn) ⊂ L1(kn) ⊂ L2(kn) ⊂ · · · ⊂ Lm(kn) ⊂ · · · ⊂ L(kn).
Note that the field Lm(kn) is also totally real number field, and L(kn)/kn is the
maximal unramified pro-p-extension. Now, we have the following proposition.
Proposition 3.11. The derived series of the Galois group G = Gal(L(k∞)/k∞)
has finite factors if and only if the Greenberg’s conjecture holds for the cyclotomic
Zp-extension of Lm(kn) for all n ≥ 0 and all m ≥ 0.
Proof. Let G = G(0) ⊃ G(1) ⊃ G(2) ⊃ · · · ⊃ G(m) ⊃ · · · be the derived
series of the Galois group G = Gal(L(k∞)/k∞), and Lm(k∞) the fixed field
of G(m). Assume that the Greenberg’s conjecture holds for the cyclotomic Zp-
extensions of Lm(kn) for all n and m. Since Greenberg’s conjecture holds for
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k∞/k, we know that #(G(0)/G(1)) is finite and L(k∞)/L(kn1) is a cyclotomic
Zp-extension for some sufficiently large n1 ≥ 0. Assume that #(G(m−1)/G(m)) is
finite and Lm(k∞)/Lm(knm) is a cyclotomic Zp-extension for some sufficiently
large nm ≥ 0. By the assumption, the Greenberg’s conjecture holds for the
cyclotomic Zp-extension Lm(k∞)/Lm(knm), then #(G(m)/G(m+1)) < ∞, i.e.,
Lm+1(k∞)/Lm(k∞) is finite extension. So that Lm+1(k∞)/Lm+1(knm+1) is a cy-
clotomic Zp-extension for some sufficiently large nm+1 ≥ 0. Inductively, we
know that #(G(m)/G(m+1)) is finite for each m ≥ 0.
Conversely, assume that the derived series of G has finite factors. Put the
field K = Lm(kn) for arbitrary n and m. Let K∞/K be the cyclotomic Zp-
extension. Since K∞/k∞ is an unramified finite p-extension, the derived series
of Gal(K∞/k∞) is finite. Then we have Gal(L(k∞)/K∞) ⊃ G(m), i.e., K∞ ⊂
Lm(k∞) for some m. Since L(K∞) ⊂ Lm+1(k∞) and #(G/G(m+1)) < ∞,
L(K∞)/K∞ is a finite extension. This implies that the Greenberg’s conjecture
holds for K∞/K.
By the above proposition, under the Greenberg’s conjecture, it seems that the Ga-
lois group G = Gal(L(k∞)/k∞) for a totally real cyclotomic Zp-extension k∞/k
has the similar property of the Galois group of the p-class field tower of a finite ex-
tension of Q. The Greenberg’s conjecture implies that L(k∞) = L(kn)k∞, i.e., the
Iwasawa module X ' Gal(L(k∞)/k∞) is isomorphic to A(kn) ' Gal(L(kn)/kn)
for all sufficiently large n. As a non-abelian analogy of Greenberg’s conjecture,
M. Ozaki presented the following question.
Question 3.12. For any totally real cyclotomic Zp-extension k∞/k, L(k∞) =
L(kn)k∞, i.e., G = Gal(L(k∞)/k∞) ' Gal(L(kn)/kn) for all sufficiently large
n ?
If the Galois group G = Gal(L(k∞)/k∞) is finite, the answer is ‘yes’. However,
in the case that G is infinite, the problem seems to be difficult.
From the above point of view, we have a question: “ Is the structure of
the pro-p-group, which is appeared as the Galois group of p-class field tower
of finite extension of Q, also appear as the structure of the Galois group G =
Gal(L(k∞)/k∞) ? ”. By the results in Kisilevsky [23] and Benjamin-Snyder [2],
we know that all of types Q8, Q2m+1, D2m , SD2m+1 , (2, 2) (m ≥ 3 ) appear as the
structure of the Galois group of the 2-class field tower of imaginary (resp. real)
quadratic fields. Now, we consider the above question in the case that k∞/k is
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the cyclotomic Z2-extension of real quadratic field k with the Iwasawa module
X ' (2, 2).
Question 3.13. For the cyclotomic Z2-extensions k∞/k of real quadratic fields,
does each of types Q8, Q2m+1, D2m , SD2m+1 , (2, 2) (m ≥ 3 ) appear as the
structure of the Galois group G = Gal(L(k∞)/k∞) ?
For the types D2m , (2, 2), the answer of Question 3.13 is ‘yes’, and we have
infinitely many such real quadratic fields by Theorem 3.1 and Theorem 3.3. For
the type Q2m+1, especially Q16, the answer of Question 3.13 is ‘yes’ by Theorem
3.2, but we have not obtained any infinite families of such real quadratic fields.
For the remained types Q8, SD2m+1 , we have no example. Especially, for the
type SD2m+1 , we have no example even for the general totally real number field
k. To obtain a real quadratic field with G ' Q8, SD2m+1 , we have to deal with
other real quadratic fields different from Theorem 2.1, 3.1, 3.2, 3.3. At present,
Question 3.13 is still an open problem.
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4 Non-cyclotomic Z2-extensions of certain
imaginary quadratic fields
In this chapter, we shall consider an analogy of Greenberg’s conjecture for certain
non-cyclotomic Zp-extensions of imaginary quadratic fields k, which was pre-
sented in Fukuda-Komatsu [13]. For such non-cyclotomic Z2-extensions k∞/k
of imaginary quadratic fields k, we shall show that λ(k∞/k) = µ(k∞/k) = 0 in
some cases. Especially, we prove it for infinitely many imaginary quadratic fields
k with ideal 2-class group of type (2, 2), by using Kisilevsky’s theorem ( Theorem
3.5 ) and Minardi’s theorem, which are related with the capitulation of ideals.
4.1 Zp-extensions with restricted ramification
Let p be a prime number, and k an imaginary quadratic field. We assume that p
splits into two distinct prime ideals p and p′ in k. Let I be the group generated by
all fractional ideals, and I(p) be the group generated by all fractional ideals prime
to p. We put the following subgroups generated by principal ideals.
S = { (α) | α ∈ k× } ⊂ I,
S(p)∗ = { (α) | α ∈ k×, v   (α) = 0 } ⊂ I(p),
S(pn) = { (α) | α ∈ k×, v   (α− 1) ≥ n } ⊂ S(p)∗,
where v
 
is the additive valuation of k with respect to the place p such that v
 
(p) =
1. The ideal class group of k is the quotient I/S ' I(p)/S(p)∗. Let L(k) be the
Hilbert p-class field of k, and k(pn) be the maximal p-extension of k contained in
the ray class field of k modulo pn. By the class field theory, we have the following
commutative diagram.
A(k) = (I/S)p ' Gal(L(k)/k)
natural map → → restriction map
(I(p)/S(pn))p ' Gal(k(pn)/k)
,
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where ( ∗ )p means the p-Sylow subgroup of the group. Especially, we have
(S(p)∗/S(pn))p ' Gal(k(pn)/L(k)). Let O(k) be the ring of algebraic integers
in k. Now, we have the following exact sequence.
1→ (E(k) + pn)/pn → (O(k)/pn)× → S(p)∗/S(pn)→ 1.
Since the prime ideal p has absolute degree 1, we obtain the natural isomorphism
(O(k)/pn)× ' (Z/pnZ)×
{ ' Z/(p− 1)Z ⊕ Z/pn−1Z : p 6= 2
= 〈−1mod 2n 〉 × 〈 5mod 2n 〉 : p = 2
for n ≥ 1. Here we note that #〈 5mod 2n 〉 = 2n−2 for n ≥ 2. Under the above
condition, we have
E(k) =

〈 ζ4 〉 ' Z/4Z : k = Q(
√−1) and p ≡ 1 (mod 4 ),
〈 ζ6 〉 ' Z/6Z : k = Q(
√−3) and
(−3
p
)
= 1, p 6= 2,
〈−1 〉 ' Z/2Z : otherwise.
Therefore, we can see that
Gal(k(pn)/L(k)) ' (S(p)∗/S(pn))p
'
{
Z/pn−1Z : p 6= 2
〈 5mod 2n 〉 ' Z/2n−2Z : p = 2
for n ≥ 2. Now, we have a tower of p-extensions as follows.
k ⊆ L(k) = k(p) ⊆ k(p2) ⊂ k(p3) ⊂ · · · ⊂ k(pn) ⊂ · · · ⊂M(p) =
⋃
n≥0
k(pn),
where M(p) is the maximal abelian pro-p-extension of k unramified outside p.
Note that if p = 2 then L(k) = k(p) = k(p2) 6= k(p3). We can see that
Gal(M(p)/L(k)) ' lim←−Gal(k(pn)/L(k)) ' Zp, i.e., M(p) is a Zp-extension
of the Hilbert p-class field L(k).
Let k∞ be the fixed field of the maximal Zp-torsion subgroup of the Galois
group Gal(M(p)/k). We can see that M(p) = k∞L(k) and k∞/k is the Zp-
extension unramified outside p. This is the non-cyclotomic Zp-extension which
we consider in this chapter. Let kn be the n-th layer of k∞/k, and A(kn) be the
p-Sylow subgroup of ideal class group of kn for n ≥ 0. We denote by λ(k∞/k),
44
µ(k∞/k) and ν(k∞/k) the Iwasawa invariants satisfying Iwasawa’s class number
formula: #A(kn) = pλ(k∞/k)n+µ(k∞/k)p
n+ν(k∞/k) for all sufficiently large n ≥ 0.
The Zp-extension k∞/k, which is unramified outside p, has several properties
similar to the cyclotomic Zp-extension Q∞/Q, e.g.,
• The units of the base field k are the roots of unity, especially, ±1 for k 6=
Q(
√−1), Q(√−3).
• There is only one prime ideal of the base field k, which ramifies in the Zp-
extension k∞/k.
It is already known that λ(Q∞/Q) = µ(Q∞/Q) = ν(Q∞/Q) = 0 by Weber
( cf. [16], Satz 6, p.29 ) and Iwasawa ( cf. [19] or Theorem 2.2 ). For our Zp-
extension k∞/k, the invariant ν(k∞/k) is not necessary 0. However, it seems
that the behaviour of the Iwasawa invariants of k∞/k and Q∞/Q are rather simi-
lar. From the above point of view, the following problem have been presented and
studied by T. Fukuda and K. Komatsu ( cf. [13] ).
Problem 4.1. For the Zp-extension k∞/k defined above, do the Iwasawa invari-
ants λ(k∞/k) and µ(k∞/k) always vanish ?
In [13], Fukuda and Komatsu treated this problem in the case p 6= 2. Especially,
in the case p = 3, they gave many examples of k which satisfies λ(k∞/k) =
µ(k∞/k) = 0 by computing the 2nd layer k2 of k∞/k explicitly. On the other
hand, J. Minardi considered the above Zp-extensions in his thesis [26] relating
with the above problem from a point of view of “Generalized Greenberg’s Con-
jecture”. In this thesis, we consider the case p = 2 and prove the following
theorems.
Theorem 4.2. Let k∞/k be the Z2-extension unramified outside p, where k is an
imaginary quadratic field in which the prime number 2 splits, and p is a prime
ideal of k above 2. Then λ(k∞/k) = µ(k∞/k) = ν(k∞/k) = 0 if and only if k is
one of the following.
(i) k = Q(
√−q) with prime number q satisfying q ≡ 7 (mod 8 ).
(ii) k = Q(
√−p1q) with prime numbers p1, q satisfying p1 ≡ 5, q ≡ 3 (mod 8 ).
Theorem 4.3. We put an imaginary quadratic field k = Q(√−p1q) with prime
numbers p1, q such that
p1 ≡ 1, q ≡ 7 (mod 8 ), and
( q
p1
)
= −1,
( 2
p1
)
4
6= (−1) p1−18 ,
45
where
(∗
∗
)
is Legendre’s symbol and
(∗
∗
)
4
is 4-th power residue symbol. Let p be
a prime ideal of k above 2. ( Note that the prime number 2 splits in k. ) Then, for
the Z2-extension k∞/k unramified outside p, we have λ(k∞/k) = µ(k∞/k) = 0
and ν(k∞/k) = 1.
Remark 4.4. For the above Z2-extension k∞/k, we put the Galois group G =
Gal(L(k∞)/k∞) of the maximal unramified pro-2-extension L(k∞)/k∞. Then,
its maximal abelian quotient group X ' Gab is the Iwasawa module of k∞/k.
For the Z2-extension k∞/k in Theorem 4.2, we have #G = #X = 1. For the
Z2-extension k∞/k in Theorem 4.3, we have G ' X ' Z/2Z.
Theorem 4.5. Let k∞/k be the Z2-extension unramified outside p, where k is
an imaginary quadratic field in which the prime number 2 splits, and p is a prime
ideal of k above 2. If k is one of the following, we have λ(k∞/k) = µ(k∞/k) = 0.
(i) k = Q(
√−p1p2q) with prime numbers p1, p2, q satisfying
p1 ≡ p2 ≡ 5, q ≡ 7 (mod 8 ), and
(p2
p1
)
= 1,
( q
p1
)
=
( q
p2
)
= −1,
and the absolute norm of the fundamental unit of Q(√p1p2) is positive.
(ii) k = Q(
√−q1q2q3) with prime numbers q1, q2, q3 satisfying
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ), and
(q2
q1
)
=
(q3
q2
)
=
(q1
q3
)
,
where
(∗
∗
)
is Legendre’s symbol.
4.2 Minardi’s theorem
In this section, we mention a criterion of vanishing of λ(k∞/k) and µ(k∞/k)
related with the capitulation of ideals, which was given by J. Minardi in his thesis
[26]. This is a generalization of Greenberg’s criterion given in [14]. We shall give
the proof for a convenience of reader.
Firstly, we mention ‘genus formulae’ for general cyclic extensions of number
fields.
Theorem 4.6 (Genus Formulae). Let F be a finite extension of Q, and K a finite
cyclic extension of F , and σ a generator of the Galois group of K/F . For a place
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P of F , we denote by e(P) the ramification index of P with respect to K/F . Let
Cl(K) be the ideal class group of K, and hF the class number of F . Put the
subgroup
Cl(K)G = { c ∈ Cl(K) | cσ = c }
Cl(K)′ = { c ∈ Cl(K)G | c contains an ideal a such that aσ = a }
Then, we have the following formulae.
#Cl(K)G =
hF ·
∏  
e(P)
[K : F ] · [E(F ) : E(F ) ∩ NK/F K×] ,
#Cl(K)′ =
hF ·
∏  
e(P)
[K : F ] · [E(F ) : NK/F E(K)] ,
where P runs over all places of F .
Now, Minardi’s theorem is the following.
Theorem 4.7 (Minardi [26]). Let k∞/k be the Zp-extension unramified outside
p, where k is an imaginary quadratic field in which the prime number p splits,
and p is a prime ideal of k above p. Then, λ(k∞/k) = µ(k∞/k) = 0 if and only
if the lifting mapping A(k) → A(kn) is the zero map for some n ≥ 0, i.e., A(k)
capitulates in kn.
Proof. Let k∞/k be the Zp-extension unramified outside p as in the statement.
For m ≥ n ≥ 0, we denote by jn,m : A(kn) → A(km) the lifting mapping, and
put the subgroup
Hn =
∞⋃
m=n
kerjn,m ⊆ A(kn)
for each n ≥ 0. We use same notation jn,m for lifting mapping of ideals.
( Only if-part ) Assume that j0,n : A(k) → A(kn) is not zero mapping for all
n ≥ 0, i.e., A(k) 6= H0. Then, A(kn) 6= Hn for all n ≥ 0. Since λ(k∞/k) =
µ(k∞/k) = 0, there is some n ≥ 0 such that k∞/kn is totally ramified and
#A(kr) = p
ν(k∞/k) for all r ≥ n. Since A(kn) 6= Hn, there is a non-trivial
element cn of A(kn) not contained in Hn. For each r ≥ n, put the element
cr = jn,r(cn) ∈ A(kr). Note that cr is non-trivial element for all r. For r >
ν(k∞/k) + n, we have
Nkr/kn( cr ) = Nkr/kn( jn,r(cn) ) = c
pr−n
n = 1,
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where Nkr/kn is the norm mapping. Therefore, cr is a non-trivial element of
ker(Nkr/kn) ⊂ A(kr). Since Nkr/kn : A(kr) → A(kn) is surjective, #A(kr) >
#A(kn) = p
ν(k∞/k)
. This is contradiction. Then we have A(k) = H0.
( If-part ) Put a topological generator γ of Γ = Gal(k∞/k), and put the subgroup
Bn = A(kn)
Γ = { c ∈ A(kn) | cγ = c } for each n ≥ 0.
Put the subgroup Un = Nkn/k k×n ∩ E(k) ⊆ E(k) for each n ≥ 0. Since
· · · ⊆ Un ⊆ · · · ⊆ U2 ⊆ U1 ⊆ E(k)
and #E(k) is finite, then Um = Un for all sufficiently large m and n. Furthermore,
the natural map Um/Nkm/kE(km) → Un/Nkn/kE(kn) must be isomorphism for
all sufficiently large m and n, then
Nkm/kE(km) = Um ∩Nkn/kE(kn) = Nkm/k k×m ∩Nkn/kE(kn)
for sufficiently large n and all m ≥ n, by the injectivity. Fix such sufficiently
large n ≥ 0.
We take an ideal class c = a ∈ Bn containing an ideal a of kn. Since
cγ−1 = 1, there is some αn ∈ k×n such that aγ−1 = (αn). Then (Nkn/kαn) =
(Nkn/ka)
γ−1 = ( 1 ), and we have an element α0 = Nkn/kαn ∈ Un. For each
sufficiently large m  n, αpm−n0 ∈ Nkn/kE(kn) and αp
m−n
0 = Nkn/kα
pm−n
n =
Nkm/kαn ∈ Nkm/k k×m. Then
αp
m−n
0 ∈ Nkm/k k×m ∩Nkn/kE(kn) = Nkm/kE(km).
There exists an element η ∈ E(km) such that Nkm/kη = αpm−nn = Nkm/kαn.
Since Nkm/k(αnη−1) = 1, there is an element x ∈ k×m such that αnη−1 = xγ−1 by
Hilbert’s theorem 90. Then we have jn,m(aγ−1) = (αn) = (αnη−1) = (xγ−1) and
( jn,m(a)x
−1 )γ = ( jn,m(a)x−1 ). Put the Γ-invariant ideal b = jn,m(a)x−1 of km.
Let p(1)m , p(2)m , · · · , p(g)m . be all prime ideals of km above p. Since bγ = b, there is
some e ≥ 0 and some ideal b′ prime to p such that b = b′(p(1)m · · · p(g)m )e. Put the
ideal Pm = p(1)m · · · p(g)m , and we have b = b′Pem. We fix above m n satisfying
that k∞/km is totally ramified. Then, we have Pm = Pp
s−m
s for all s ≥ m. By
applying general genus formula ( Theorem 4.6 ) for each ks/k, we have
#Bs = #A(ks)
Γ ≤ #A(k) · p
s
ps · [E(k) : E(k) ∩Nks/k k×s ]
≤ #A(k),
i.e., #Bs = #A(ks)Γ is bounded as s→∞. Therefore, we can take s m such
that ps−m > #Bs.
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Now, we denote by d the non-p-part of the class number of ks. Let pb be
the order of the ideal class b = jn,m(a) = jn,m(c) ∈ A(km), and put the order
z = #(Z/pbZ)×. Furthermore, put h = dz ≡ 1 (mod pb ). Then, we have
b = b
h
= b′
h · Pehm as the product of the elements of A(km). Since b′ is a Γ-
invariant ideal prime to ramified prime ideals p(1)m , p(2)m , · · · , p(g)m , then b′ is a lift
of some ideal of k. Then b′h ∈ j0,m(A(k)). Here, by our assumption A(k) = H0,
we have b′h ∈ Hm. Since Pehm = (P
eh
s )
ps−m and Pehs ∈ Bs = A(ks)Γ, then
jm,s(P
eh
m ) = 1, i.e., P
eh
m ∈ Hm. Therefore, we have
jn,m(c) = jn,m(a) = jn,m(a)x−1 = b = b′
h ·Pehm ∈ Hm,
and c ∈ Hn. Then, we know that Bn ⊆ Hn for all sufficiently large n 0.
Now, we assume that A(kn) 6= Hn for some n ≥ 0. We may assume that n is
sufficiently large. Since Hγn = Hn, the quotient group A(kn)/Hn is a non-trivial
finite Λ-module, where Λ = Zp[[Γ]] ' Zp[[T ]] with identification T = γ − 1. Let
(A(kn)/Hn)
Γ be the subgroup of A(kn)/Hn generated by all Γ-invariant elements.
We have the exact sequence
0→ (A(kn)/Hn)Γ → A(kn)/Hn γ−1−→ T (A(kn)/Hn)→ 0.
If #(A(kn)/Hn)Γ = 1, then A(kn)/Hn = T (A(kn)/Hn), i.e., A(kn)/Hn is trivial
by Nakayama’s lemma. But this is contradiction, then (A(kn)/Hn)Γ must be non-
trivial. There is a non-trivial element cHn ∈ (A(kn)/Hn)Γ, i.e., c ∈ A(kn) is not
contained in Hn but cγ−1 ∈ Hn. For some r ≥ n, we have jn.r(cγ−1) = 1. Then
jn.r(c)
γ = jn.r(c) 6= 1, and put 1 6= c′ = jn.r(c) ∈ Br = A(kr)Γ. However, c′
must not be contained in Hr, i.e., Br 6⊆ Hr . It is contradiction. Therefore, we
have A(kn) = Hn for all n ≥ 0. In [21], Iwasawa proved that #Hn is bounded as
n→ ∞, then #A(kn) is also bounded. This means that λ(k∞/k) = µ(k∞/k) =
0. We complete the proof of Theorem 4.7.
4.3 The case with cyclic 2-class group
In this section, we shall investigate the case that A(k) is cyclic, and prove Theorem
4.2 and Theorem 4.3.
We put an imaginary quadratic field k = Q(
√−d) with a positive square-free
integer d. It is well known that the prime 2 splits in k if and only if d ≡ 7 (mod 8 ).
We denote by rank A(k) the 2-rank of the ideal class group of k. By applying
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Theorem 2.5 to k/Q and the fact that the absolute norm of any element of k is
positive, we know that
rank A(k) = ( the number of prime divisors of d )− 1.
Therefore, under the above settings, A(k) is trivial if and only if
(i) k = Q(
√−q) with prime number q satisfying q ≡ 7 (mod 8 ),
and A(k) is non-trivial cyclic if and only if k is one of the following.
(ii) k = Q(
√−p1q) with prime numbers p1, q satisfying p1 ≡ 5, q ≡ 3 (mod 8 ),
(iii) k = Q(
√−p1q) with prime numbers p1, q satisfying p1 ≡ 1, q ≡ 7 (mod 8 ).
Proof of Theorem 4.2. Let L(k) be the Hilbert 2-class field of k. The condition
λ(k∞/k) = µ(k∞/k) = ν(k∞/k) = 0 implies that L(k) ⊂ k∞. Therefore,
rankA(k) must be 1 or 0. From the above consideration, we may treat only the
above three cases (i), (ii), (iii).
( If-part ) If k satisfies (i), we have #A(k) = 1. By Theorem 2.2, it follows that
λ(k∞/k) = µ(k∞/k) = ν(k∞/k) = 0.
Assume that k satisfies (ii). Recall that p is the prime ideal of k above 2. Since
A(k) is cyclic and p is inert in the genus field kG = k(
√
p1), the Hilbert 2-class
field L(k) has only one prime ideal above p.
Let p1 be the prime ideal of k above p1. If p1 is principal, there is an element
α of k such that (p1) = (α)2, i.e., α = ±√±p1, this is contradiction. Then,
the ideal class containing p1 is a non-trivial element of A(k) with order 2, since
(p1) = p
2
1. Furthermore, since p1 ≡ 5 (mod 8 ), i.e., v   (p1−1) = 2, then the ideal
class of I(p)/S(p3) containing p1 is a non-trivial element of (I(p)/S(p3))2 '
Gal(k(p3)/k) with order 4. Let L′ be the splitting subfield of k(p3)/k with re-
spect to the prime ideal p1. Since L(k) ⊂ k(p3), the field L′ is equal to the
splitting subfield of L(k)/k with respect to p1. Then, we have the following exact
sequence.
1 → Gal(k(p3)/L(k)) → Gal(k(p3)/L′) → Gal(L(k)/L′) → 1
' ' '
Z/2Z Z/4Z Z/2Z
50
Since M(p)/L(k) is a Z2-extension and the prime ideal of L(k) above p1 is inert
in k(p3)/L(k), the prime ideal of L′ above p1 does not split in M(p)/L′. There-
fore, M(p)/L′ is also a Z2-extension. We denote by γ a topologocal generator
of Gal(M(p)/L′) ' Z2. Let a be the generator of Gal(L(k)/k) with order 2m
(m ≥ 1 ), and put the Galois groupM = Gal(M(p)/k). SinceM/〈γ2 〉 ' 〈a 〉,
there is an element a˜ ∈ M such that M = 〈 γ2, a˜ 〉. Since γ ∈ M, we have
γ = a˜z1γ2z2 , i.e., γ1−2z2 = a˜z1 for some z1, z2 ∈ Z2. We know 1 − 2z2 is 2-adic
unit, then γ ∈ 〈 a˜ 〉. Therefore M = 〈 a˜ 〉 ' Z2 and M(p) = k∞, L(k) = km.
Since #A(km) = 1 and km has only one prime ideal above p and k∞/km is totally
ramified, we have λ(k∞/km) = µ(k∞/km) = ν(k∞/km) = 0 by Theorem 2.2.
This complete “If-part” of the proof.
( Only if-part ) Assume that k of type (iii) satisfies that L(k) ⊂ k∞. Then
k(p3)/k is a cyclic extension.
Let p1 be the prime ideal of k above p1. By the similar argument to “If-part”,
we can see that the ideal class containing p1 is a non-trivial element of A(k)
with order 2. Let L′ be the splitting subfield of L(k)/k with respect to the prime
ideal p1. Then L(k)/L′ is a quadratic extension in which the prime ideals above
p1 are inert. On the other hand, since p1 ≡ 1 (mod 8 ), i.e., v   (p1 − 1) = 3,
then the ideal class of I(p)/S(p3) containing p1 is also a non-trivial element of
(I(p)/S(p3))2 ' Gal(k(p3)/k) with order 2. Since k(p3)/L(k) is a quadratic
extension and k(p3)/k is cyclic, the splitting subfield of k(p3)/k with respect to
the prime ideal p1 is equal to L(k). Then, p1 splits completely in L(k)/k. This is
contradiction.
Then, we know that L(k) is not contained in k∞, i.e., λ(k∞/k) = µ(k∞/k) =
ν(k∞/k) = 0 does not occur in the case (iii). Now, we complete the proof of
Theorem 4.2.
Let k be an imaginary quadratic field with non-trivial cyclic 2-class group
A(k), in which the prime number 2 splits into two distinct distinct prime ide-
als p and p′. Then, the field k is of type (ii) or (iii). We denote by k∞/k the
Z2-extension unramified outside p. By Theorem 2.4, we have A(k) ' Z/2Z if
and only if
( q
p1
)
= −1. If k is of type (ii), we already know that λ(k∞/k) =
µ(k∞/k) = 0 by Theorem 4.2. In the following, we consider the case (iii) with( q
p1
)
= −1. In this case, we have the following criterion.
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Proposition 4.8. Let k be an imaginary quadratic field of type (iii) with
( q
p1
)
=
−1. Let p be a prime ideal of k, and k∞/k the Z2-extension unramified outside p.
If Nkn/kE(kn) = {1} for some n ≥ 0, we have λ(k∞/k) = µ(k∞/k) = 0.
Proof. Let γ be the topological generator of the Galois group Gal(k∞/k). Put the
subgroup B ′n = { c ∈ A(kn) | c contains an ideal a such that aγ = a } ⊂ A(kn).
Since A(k) ' Z/2Z, as in the proof of Theorem 4.2, we can see that k∞/k is
totally ramified. By applying Theorem 4.6 for kn/k, we have
#B ′n =
#A(k) · 2n
2n · [E(k) : Nkn/kE(kn)]
=
2 · 2n
2n · 2 = 1.
Since the image j0,n(A(k)) of the lifting mapping j0,n : A(k) → A(kn) is con-
tained in B ′n, we know that j0,n is zero mapping, i.e., A(k) = H0. By Theorem
4.7, we have λ(k∞/k) = µ(k∞/k) = 0.
Furthermore, in this case, we can describe the decomposition of the prime
ideals in the first layer k1 as follows.
Let k be an imaginary quadratic field of type (iii) with
( q
p1
)
= −1. Note
that L(k) = kG = k(
√
p1) = Q(
√
p1,
√−q). Let p1 and q be the prime ide-
als of k above p1 and q. Since
( q
p1
)
= −1, we can see that p1 and q are in-
ert in L(k)/k, i.e., the ideal class containing p1 and q is a generator of A(k).
Since p1 ≡ −q ≡ 1 (mod 8 ), the ideal classes in I(p)/S(p3) containing p1 and
q have order 2. Therefore, the ideal classes in I(p)/S(p4) containing p1 and q
have order 2 or 4. In this case, we know that k2L(k) = k(p4) and k2 ∩ L(k) =
k, i.e., Gal(k(p4)/k) ' (2, 4). Since Gal(k(p3)/k) ' (2, 2), there are just
three quadratic subextensions k1/k, L(k)/k, and F/k. Then, we can see that
Gal(k(p4)/F ) ' Gal(k(p4)/L(k)) ' Z/4Z and Gal(k(p4)/k1) ' (2, 2).
If p1 ≡ 9 (mod 16 ), then (p1) 6∈ S(p4), i.e., the ideal class in I(p)/S(p4)
containing p1 has order 4. Since p1 is inert in L(k)/k, the splitting subfield of
k(p4)/k with respect to p1 must be F . Therefore, p1 splits in k1/k. On the other
hand, if p1 ≡ 1 (mod 16 ), then (p1) ∈ S(p4), i.e., the ideal class in I(p)/S(p4)
containing p1 has order 2. Since p1 is inert in L(k)/k, the prime ideals above p1
split completely in k(p4)/L(k). Since k(p4)/F is cyclic, we know that the prime
ideals above p1 also split completely in k(p4)/F . Then, p1 is also inert in F/k,
i.e., p1 is inert in k1/k. For the prime ideals above q, we can obtain the similar
results by the similar arguments. Then, we have the following.
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In the extension k1/k, In the extension F/k,
p1 mod16 q mod 16 p1 q p1 q
1 7 split inert inert split
1 15 split split inert inert
9 7 inert inert split split
9 15 inert split split inert
The imaginary quadratic field k treated in Theorem 4.3 is the special type of
(iii) with
( q
p1
)
= −1. Now, we prove Theorem 4.3.
Proof of Theorem 4.3. We put an imaginary quadratic field k = Q(√−p1q) with
prime numbers p1 and q such that
p1 ≡ 1, q ≡ 7 (mod 8 ), and
( q
p1
)
= −1,
( 2
p1
)
4
6= (−1) p1−18 .
Let p be a prime ideal of k above 2 and k∞/k the Z2-extension unramified outside
p. By the assumption
( q
p1
)
= −1 and Theorem 2.4, we can see that #A(k) = 2.
Then the Hibelt 2-class field L = L(k) is equal to the genus field kG = k(
√
p1).
In the proof of Theorem 4.2, we have already shown that L(k) is not contained
in k∞, i.e., L(k) ∩ k∞ = k and p is totally ramified in k∞/k. We can see that
the prime number 2 is splits completely in L(k)/Q. We denote by P1 and P2 the
distinct prime ideals of L(k) above p. Put the fields L = L(k) and L∞ = Lk∞,
then L∞/L is a Z2-extension in which only two primes P1 and P2 ramify and
they are totally ramified.
We note that L is a CM-field and the field L+ = Q(√p1) is the maximal real
subfield of L. Fix a prime ideal P+1 of L+ below P1. Now, assume that L+ has
an abelian 2-extension unramified outside P+1 . Then, there is a quadratic exten-
sion F/L+ unramified outside P+1 . The extension F/Q is not Galois extension,
but the Galois closure of F over Q is a dihedral extension of degree 8 over Q.
Considering the ramification index of P+1 , we can see that there exists a quadratic
extension F ′/L+ which is unramified outside 2 and abelian extension over Q. In
our situation, the field F ′ must be equal to the field L+(
√
2). Furthermore, we
know that L+(
√
2) has an unramified quadratic extension. However, it is known
that the class number of L+(
√
2) is odd by the assumption
( 2
p1
)
4
6= (−1) p1−18
and Theorem 2.3 ( Ozaki-Taya [33] ). It is contradiction. Then, the field L+ has
no abelian 2-extension unramified outside P+1 .
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Let M+(P+1 )/L+ and M(P1)/L be the maximal abelian pro-2-extension un-
ramified outside P+1 and P1, respectively. We fix an embedding L → Q2 by the
localization at the place of P1. We can easily see that E(L) = E(L+) ( cf. V.(2.4)
in [8] ). Then, by the class field theory, we have the following diagram of exact
sequences ( cf. Proposition 3.1 in [15] ).
1 → U/E(L) ∩ U → Gal(M(P1)/L) → A(L) → 1
'
1 → U/E(L+) ∩ U → Gal(M+(P+1 )/L+) → A(L+) → 1
where U = 1 + 2Z2 is the group of principal units in Q2 and E(L) ∩ U and
E(L+) ∩ U is the topological closure of E(L) ∩ U and E(L+) ∩ U in U .
We already know that #Gal(M+(P+1 )/L+) = #A(L+) = 1 and #A(L) = 1.
Therefore, #(U/E(L) ∩ U) = 1 and M(P1) = L.
Let L1 be the first layer of L∞/L and LG1 the maximal abelian 2-extension of
L which is unramified over L1. We note that L∞/L has only two ramified prime
ideals P1 and P2 and both are totally ramified. From the fact that M(P1) = L, the
inertia subfield of LG1 /L for the prime P2 is coincide to L. Therefore, we can see
that LG1 = L1. By the genus theory and the fact that #A(L) = 1, this implies that
#(A(L1)/2A(L1)) = 1, then #A(L1) = 1. By applying Theorem 2.9 to L∞/L,
we have λ(L∞/L) = µ(L∞/L) = ν(L∞/L) = 0, i.e., λ(k∞/k) = µ(k∞/k) = 0
and ν(k∞/k) = 1. This completes the proof.
4.4 The case with 2-class group of type (2, 2)
Let k be an imaginary quadratic field with 2-class group A(k) ' (2, 2), in which
the prime number 2 splits into two distinct prime ideals p and p′. We denote by
k∞/k the Z2-extension unramified outside p. Since k = Q(
√−d) with square-
free positive integer d ≡ 7 (mod 8 ) and d has three prime factors, k must be one
of the following 5 types by Theorem 2.4.
• k = Q(√−p1p2q) with distinct prime numbers p1, p2, q such that
(1) p1 ≡ 1, p2 ≡ 1, q ≡ 7 (mod 8 )
(2) p1 ≡ 1, p2 ≡ 5, q ≡ 3 (mod 8 )
(3) p1 ≡ p2 ≡ 5, q ≡ 7 (mod 8 )
 two of
(p2
p1
)
,
(p1
q
)
,
(p2
q
)
are −1
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• k = Q(√−q1q2q3) with distinct prime numbers q1, q2, q3 such that
(4) q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 )
(5) q1 ≡ q2 ≡ q3 ≡ 7 (mod 8 )
} (q2
q1
)
=
(q3
q2
)
=
(q1
q3
)
Since L(k)/k is a (2, 2)-extension and k(p3)/L(k) is a quadratic extension, then
Gal(k(p3)/k) ' (2, 4) or (2, 2, 2).
Lemma 4.9. Under the above settings, the following conditions are equivalent.
(a) Gal(k(p3)/k) ' (2, 4).
(b) k∞ ∩ L(k) = k1.
(c) k is of type (2), (3), or (4).
Proof. (a) ⇔ (b) : If k∞ ∩ L(k) 6= k1, then k∞ ∩ L(k) = k, i.e., k1 ∩
L(k) = k. Therefore k1L(k)/k is a (2, 2, 2)-extension unramified outside p.
Since k1L(k)/L(k) is a quadratic extension, we have k(p3) = k1L(k). Then
Gal(k(p3)/k) ' (2, 2, 2).
If k∞∩L(k) = k1, then k2∩L(k) = k1. We can see that k2L(k)/k1 is a (2, 2)-
extension and k2L(k)/k is unramified outside p. Therefore, we have k(p3) =
k2L(k). Since Gal(k(p3)/k) has a cyclic quotient group Gal(k2/k) of order 4,
then Gal(k(p3)/k) ' (2, 4).
(c) ⇒ (a) : Assume that k is of type (2) or (3). Let p2 be the prime ideal of
k above p2. We can see that p2 is not principal, then the ideal class containing
p2 is a non-trivial element of A(k). Furthermore, the order of the ideal class in
I(p)/S(p3) containing (p2) is 2, since ±p2 6≡ 1 (mod 8 ). Then, the ideal class in
I(p)/S(p3) containing p2 has order 4, i.e., Gal(k(p3)/k) ' (2, 4).
In the case that k is of type (4), similarly, we can see that the ideal class in
I(p)/S(p3) containing the prime ideal of k above q1 has order 4. Then, we have
Gal(k(p3)/k) ' (2, 4).
(a) ⇒ (c) : First, we assume that k is of type (1). Note that L(k) = kG =
Q(
√
p1,
√
p2,
√−q). Let p1, p2, q be the prime ideals of k above p1, p2, q, re-
spectively. We can see that each of p1, p2, q is not principal, i.e. the ideal classes
containing p1, p2, q are non-trivial element of A(k) of order 2. Furthermore, we
can see that the ideal classes in I(p)/S(p3) containing p1, p2, q has order 2. Now,
we assume that Gal(k(p3)/k) ' (2, 4), i.e., k∞ ∩L(k) = k1. By this assumption,
if one of p1, p2, q is inert in k1/k, it does not split in k2/k, i.e., the ideal class
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in I(p)/S(p3) containing it has order 4. This is contradiction. Then, p1, p2, q
must split in k1/k. Therefore, the splitting subfields of L(k)/k with respect to
p1, p2, q are coinside, and the field must be k1. If k1 = k(
√
p1), p2 and q split
in Q(√p1), then
(p1
p2
)
=
( q
p2
)
= 1. This is contradiction. If k1 = k(
√
p2), sim-
ilarly, contradiction occurs. If k1 = k(
√−q), p1 and p2 split in Q(√−q), then( q
p1
)
=
( q
p2
)
= 1. This is also contradiction. Then, Gal(k(p3)/k) ' (2, 2, 2) if
k is of type (1).
Assume that k is of type (5). Note that L(k) = kG = Q(
√−q1,√−q2,√−q3).
Without loss of genetality, we may assume that(q2
q1
)
=
(q3
q2
)
=
(q1
q3
)
= 1.
Let q1, q2, q3 be the prime ideals of k above q1, q2, q3, respectively. We can see
that the ideal classes containing q1, q2, q3 are non-trivial element of A(k) of order
2, and that the ideal classes in I(p)/S(p3) containing q1, q2, q3 has also order
2. Now, we assume that Gal(k(p3)/k) ' (2, 4), i.e., k∞ ∩ L(k) = k1. By this
assumption, if one of q1, q2, q3 is inert in k1/k, it does not split in k2/k, i.e., the
ideal class in I(p)/S(p3) containing it has order 4. This is contradiction. Then,
q1, q2, q3 must split in k1/k. Therefore, the splitting subfields of L(k)/k with
respect to q1, q2, q3 are coinside, and the field must be k1. If k1 = k(
√−q1), q2
and q3 split in Q(
√−q1), then
(−q1
q2
)
=
(−q1
q3
)
= 1, i.e.,
(q2
q1
)
6=
(q1
q3
)
. This is
contradiction. If k1 = k(
√−q2) or k(√−q3), a contradiction occurs by the similar
arguments. Then, Gal(k(p3)/k) ' (2, 2, 2) if k is of type (5).
This completes the proof of Lemma 4.9.
Now, we consider the case (2), (3), and (4). Here, we note that
L(k) = kG =
{
Q(
√
p1,
√
p2,
√−q) in the case (2), (3)
Q(
√−q1,√−q2,√−q3) in the case (4).
Let L(k)/k be the maximal unramified pro-2-extension. In [23], Kisilevsky deter-
mined the structure of the Galois group Gal(L(k)/k) for all imaginary quadratic
field k with A(k) ' (2, 2). For the case (2), (3), (4), we have the following.
Proposition 4.10 (Kisilevsky [23], p.277). (I) Assume that k is of type (2) or (3).
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If
(p2
p1
)
= 1, then A(k(
√−q)) ' Gal(L(k)/k(√−q)) is cyclic, and we have
Nεp1p2 = 1 ⇒ Gal(L(k)/k) ' D2m (m ≥ 3 ),
Nεp1p2 = −1 ⇒ Gal(L(k)/k) ' Q2m (m ≥ 4 ),
where εp1p2 is the fundamental unit of the real quadratic field Q(√p1p2). On the
other hand, if
(p2
p1
)
= −1, then we have Gal(L(k)/k) ' Q2m for some m ≥ 3.
(II) Assume that k is of type (4). Then, we have Gal(L(k)/k) ' (2, 2).
For the case (2) and (3) with
(p2
p1
)
= 1, we can determine the first layer k1.
Lemma 4.11. Assume that k is of type (2) or (3), and satisfies that
(p2
p1
)
= 1. If
k is of type (2), we have k1 = k(√p2). If k is of type (3), we have k1 = k(√−q).
Proof. By the assumption, we have
(p2
p1
)
= 1, and
( q
p1
)
=
( q
p2
)
= −1. Since
k2L(k) = k(p
3) and k2 ∩ L(k) = k1 in the case (2) and (3), we know that
Gal(k(p3)/k1) is the unique subgroup of Gal(k(p3)/k) which is isomorphic to
(2, 2). Note that other maximal subgroups are cyclic group of order 4. Let p1, p2,
q be the prime ideals of k above p1, p2, q, respectively. In each cases, we can see
that each of p1, p2, q is not principal, i.e. the ideal classes containing p1, p2, q are
non-trivial element of A(k) of order 2.
Assume that k is of type (2). Since p1 ≡ 1 (mod 8 ), the ideal classes in
I(p)/S(p3) containing p1 has also order 2. Then, the prime ideals above p1
split in k(p3)/L(k). By the assumption, we can see that the splitting subfield
of L(k)/k with respect to p1 is k(
√
p2), i.e., the prime ideals above p1 are inert
in L(k)/k(√p2). Therefore, k(p3)/k(√p2) must not be cyclic. Then, we have
Gal(k(p3)/k(
√
p2)) ' (2, 2), i.e., k1 = k(√p2).
Assume that k is of type (3). Since −q ≡ 1 (mod 8 ), the ideal classes
in I(p)/S(p3) containing q has also order 2. Then, the prime ideals above q
split in k(p3)/L(k). By the assumption, we can see that the splitting subfield of
L(k)/k with respect to p1 is k(
√−q), i.e., the prime ideals above q are inert in
L(k)/k(
√−q). Therefore, k(p3)/k(√−q) must not be cyclic. Then, we have
Gal(k(p3)/k(
√−q)) ' (2, 2), i.e., k1 = k(√−q).
Now, we prove Theorem 4.5.
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Proof of Theorem 4.5. First, we assume that k = Q(√−p1p2q) with prime
numbers p1, p2, q satisfying
p1 ≡ p2 ≡ 5, q ≡ 7 (mod 8 ), and
(p2
p1
)
= 1,
( q
p1
)
=
( q
p2
)
= −1,
and Nεp1p2 = +1. Since k is of type (3) and
(p2
p1
)
= 1, we have k1 = k(
√−q) by
Lemma 4.11. Since Nεp1p2 = +1, we have A(k(
√−q)) ' Gal(L(k)/k(√−q))
is cyclic, and Gal(L(k)/k) ' D2m for some m ≥ 3. By the arguments in 3.2,
we can see that the lifting mapping j0,1 : A(k) → A(k1) is zero mapping, i.e.,
A(k) = H0. Therefore, we have λ(k∞/k) = µ(k∞/k) = 0 by Theorem 4.7.
Secondly, we assume that k = Q(√−q1q2q3) with prime numbers q1, q2, q3
satisfying
q1 ≡ q2 ≡ 3, q3 ≡ 7 (mod 8 ), and
(q2
q1
)
=
(q3
q2
)
=
(q1
q3
)
,
Since k is of type (4), we have k1 ⊂ L(k) and Gal(L(k)/k) ' (2, 2). By the
arguments in 3.2, we can see that the lifting mapping j0,1 : A(k)→ A(k1) is zero
mapping, i.e., A(k) = H0. Therefore, we have λ(k∞/k) = µ(k∞/k) = 0 by
Theorem 4.7. This completes the proof of Theorem 4.5.
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5 Abelian 2-class field towers over the cyclotomic
Z2-extensions of imaginary quadratic fields
In this chapter, we shall give infinite families of imaginary quadratic fields k such
that the Galois group G = Gal(L(k∞)/k∞) of the maximal unramified pro-2-
extension L(k∞)/k∞ over the cyclotomic Z2-extension k∞ of k becomes “non-
cyclic” infinite abelian group Z2 × Z2 and Z/2Z × Z2. In this case, the 2-class
field tower of the n-th layer kn is abelian for all n ≥ 1.
5.1 Abelian p-class fieldtowers
Let p be a prime number, and k a number field. By the fixed fields associated to
the derived series of the Galois group Gal(L(k)/k) of the maximal unramified
pro-p-extension L(k)/k, we have the p-class field tower of k as follows.
k = L0(k) ⊂ L1(k) ⊂ L2(k) ⊂ · · · ⊂ Li(k) ⊂ · · · ⊂ L(k)
Note that L1(k) = L(k) is the fixed field of the topological commutator subgroup
of Gal(L(k)/k), i.e., the maximal unramified abelian pro-p-extension of k. Espe-
cially, if k is a finite extension of Q, the field L(k) is the Hilbert p-class field of k
and L(k)/k is a finite extension.
Since the theorem of Golod and ˇSafarevicˇ, “whether the p-class field tower
becomes infinite or not” is one of the main problems on the studies of class field
towers. On the other hand, “whether the p-class field tower becomes abelian or
not” is also an interesting problem. For a finite extension k of Q, the p-class field
tower of k becomes abelian if and only if p does not divide the class number of
the Hilbert p-class field L(k). As a trivial case, if the p-class group A(k) is cyclic,
we have Gal(L(k)/k) ' Gal(L(k)/k) ' A(k), i.e., the p-class field tower of k is
‘cyclic’ abelian. In general situation, we have the following necessary condition
of abelianity of p-class field tower, like the Golod- ˇSafarevicˇ inequality.
59
Proposition 5.1 (cf. [4] p.185). Let p be a prime number, and k a finite extension
of Q, A(k) the p-Sylow subgroup of the ideal class group of k, and E(k) the unit
group of k. If p-class field tower of k is abelian, we have
rank A(k) ≤ 1
2
{ 1 +
√
1 + 8 · rank E(k)/E(k)p }
The determination of imaginary quadratic fields k with abelian 2-class field towers
is already known precisely. On the other hand, in [4], Benjamin, Lemmermeyer,
and Snyder determined all real quadratic fields k with abelian 2-class field towers,
by using the following proposition.
Proposition 5.2 (Proposition 7. in [4]). Let k be a finite extension of Q. Assume
that the rank of 2-class group A(k) is 2. Then, the 2-class field tower of k is
abelian if and only if there exists an unramified quadratic extension F/k such that
#A(k) = 2 ·#A(F ).
For the abelianity of the 2-class field tower of an imaginary quadratic field k,
we have the following.
Proposition 5.3 (cf. [3] p.233). Let k be an imaginary quadratic field, and L(k)
the Hilbert 2-class field of k. If rank A(L(k)) ≤ 1, then the 2-class group A(k)
must satisfy rank A(k) ≤ 2 and 4-rankA(k) ≤ 1, i.e., A(k) is isomorphic to a
certain subgroup of (2, 2m) for some m ≥ 1.
By this proposition, if the 2-class field tower of an imaginary quadratic field k is
abelian, the 2-class group A(k) satisfies A(k) ⊂ (2, 2m) for some m ≥ 1. How-
ever, the condition A(k) ⊂ (2, 2m) is not a sufficiently condition of the cyclicity
of A(L(k)), since it is proved that A(k) ' (2, 4) but the 2-class field tower of k is
infinite for k = Q(
√−5 · 11 · 461) by F. Hajir.
In this thesis, we consider the Galois group G = Gal(L(k∞)/k∞) of the p-
class field tower over the Zp-extension k∞/k. Since the Galois group G is cyclic
if and only if the Iwasawa module X ' Gab is cyclic, we already have many
examples of Zp-extensions k∞/k such that the Galois group G becomes cyclic.
By Theorem 3.3, we already have infinitely many real quadratic fields k such that
the Galois group G becomes ‘finite’ non-cyclic abelian ( Klein four group ) for
the cyclotomic Z2-extension k∞/k. On the other hands, by the results in Ozaki
[31] [32] and Wingberg [39] and so on, it seems that the Galois group G becomes
rather ‘big’ for the cyclotomic Zp-extensions k∞/k of CM-fields. Now, we have
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a question: whether the Galois group G can be ‘infinite’ non-cyclic abelian or not
? For this question, in the case p = 2 and k∞/k is the cyclotomic Z2-extension,
we have a positive answer as follows.
Theorem 5.4. Let q1, q2, q3 be the distinct prime numbers such that
q1 ≡ q2 ≡ q3 ≡ 3 (mod 8 ).
Let k∞/k be the cyclotomic Z2-extension of the imaginary quadratic field k =
Q(
√−q1q2q3) or Q(√−q1q2), and G = Gal(L(k∞)/k∞) be the Galois group of
the maximal unramified pro-2-extension L(k∞)/k∞. Then we have G ' Z2 × Z2
if k = Q(√−q1q2q3), and G ' Z/2Z × Z2 if k = Q(√−q1q2).
5.2 Group theoretical preliminaries
Let G = G1 be a finitely generated pro-p-group, and Gi+1 = [Gi, G] be the
topological commutator group of Gi and G for i ≥ 1, inductively. Then, we have
the lower central series
G = G1 ⊇ G2 ⊇ G3 ⊇ · · · ⊇ Gi ⊇ · · ·
of G. Note that G2 = [G, G] is the commutator subgroup of G generated by the
commutators [x, y] = x−1y−1xy (x, y ∈ G ).
For any open subgroup U of G, the quotient group G/U is a finite p-group, so
that #(G/U)i = 1 for some i ≥ 1. Since GiU/U ⊂ (G/U)i, we have Gi ⊂ U .
Then, we have ⋂
i
Gi ⊆
⋂
UG:open
U = {1}.
Therefore, we can easily see that if G is non-abelian, then G2 6= G3.
For the pro-2-group G with two generators, we have the following proposi-
tions. The idea of the proof is based on the proof of Proposition 7 in [4] ( Propo-
sition 5.2 ).
Proposition 5.5. Let G be a pro-2-group with the maximal abelian quotient group
Gab ' Z2×Z2. If G has a maximal subgroup H generated by two elements, then
G is abelian, i.e., G ' Z2 × Z2.
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Proof. Since Gab ' Z2 × Z2, G is generated by two elements. Let a and b be the
generator of G, i.e., G = 〈a, b〉. Assume that G is non-abelian. Then, the 2-group
G2/G3 is non-trivial. By considering a homomorphism
(G/G2)⊗ (G/G2)→ G2/G3
induced by x ⊗ y 7→ [x, y] (x, y ∈ G ), we can see that G2/G3 is generated
by one element [a, b]G3. Therefore, there exists a unique maximal subgroup N
of G2 containing G3. By the uniqueness, N is a normal subgroup of G. Put
the quotient group Γ = G/N = 〈σ, τ 〉, where σ = aN and τ = bN . Note
that Γab ' Gab ' Z2 × Z2, and Γ3 = {1}, Γ2 = 〈[σ, τ ]〉 ' Z/2Z, and that
H ′ = H/N is a maximal subgroup of Γ generated by two element. We can see
that the maximal subgroups of Γ are
H(1) = 〈σ2, τ, Γ2〉 = 〈σ2, τ, [σ, τ ]〉,
H(2) = 〈σ, τ 2, Γ2〉 = 〈σ, τ 2, [σ, τ ]〉,
H(3) = 〈σ2, στ, τ 2, Γ2〉 = 〈σ2, στ, τ 2, [σ, τ ]〉.
Then, H ′ is equal to one of H(1), H(2), H(3).
Since Γ2 = 〈[σ, τ ]〉 is contained in the center of Γ, σ and τ are commutative
with [σ, τ ]. Furthermore, we have
[σ2, τ ] = σ−1[σ, τ ]σ[σ, τ ] = [σ, τ ]2 = 1.
Similarly, we have [σ, τ 2] = 1. Then, H(1) and H(2) are abelian. On the other
hand, we can see that
[σ2, στ ] = [σ2, τ ] = 1,
[τ 2, στ ] = τ−1[τ 2, σ]τ = 1,
[σ2, τ 2] = σ−1[σ, τ 2]σ[σ, τ 2] = 1.
Therefore, H(3) is also abelian. Since τ 2 = (στ )[σ, τ ]−1(σ2)−1(στ ), we have
H(3) = 〈σ2, στ, [σ, τ ]〉.
For each i = 1, 2, 3, the quotient subgroup H(i)/Γ2 is the maximal subgroup of
Γab ' Z2×Z2, then H(i)/Γ2 is also isomorphic to Z2×Z2. Then, the Z2-rank of
H(i) is 2, and torsion part of H(i) is Γ2 ' Z/2Z. Therefore,
H(i) ' Z/2Z× Z2 × Z2
for each i = 1, 2, 3. So that H ′, which is generated by two elements, can not be
equal to H(i). This is contradiction. Therefore, G must be abelian.
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Proposition 5.6. Let G be a pro-2-group with the maximal abelian quotient group
Gab ' Z/2Z×Z2. If G has a cyclic maximal subgroup H, then G is abelian, i.e.,
G ' Z/2Z× Z2.
Proof. Put the group G = 〈a, b〉 with b2 ∈ G2. Assume that G is non-abelian,
i.e., G2/G3 is non-trivial. By considering a homomorphism (G/G2)⊗(G/G2)→
G2/G3 similarly, we can see that G2/G3 ' Z/2Z, and it is generated by [a, b]G3.
Put the quotient group Γ = G/G3 = 〈σ, τ 〉, where σ = aG3 and τ = bG3. Note
that Γab ' Gab ' Z/2Z × Z2, and Γ3 = {1}, τ 2 ∈ Γ2 = 〈[σ, τ ]〉 ' Z/2Z, and
that H ′ = H/G3 is a cyclic maximal subgroup of Γ. We can see that the maximal
subgroups of Γ are
H(1) = 〈σ2, τ, Γ2〉 = 〈σ2, τ, [σ, τ ]〉,
H(2) = 〈σ, τ 2, Γ2〉 = 〈σ, [σ, τ ]〉,
H(3) = 〈σ2, στ, τ 2, Γ2〉 = 〈σ2, στ, [σ, τ ]〉.
Then, H ′ is equal to one of H(1), H(2), H(3). By the similar calculations, we
can see that all of H(1), H(2), H(3) are abelian. Since H(1)/Γ2 = 〈σ2Γ2, τΓ2〉 '
Z/2Z× Z2, H ′ can not be equal to H(1). Since
H(2)/Γ2 = 〈σΓ2〉 ' Z2,
H(3)/Γ2 = 〈στΓ2〉 ' Z2,
and Γ2 ' Z/2Z, we have H(2) ' H(3) ' Z/2Z×Z2. So that H ′ can not be equal
to H(2) nor H(3). This is contradiction. Therefore, G must be abelian.
5.3 Proof of Theorem 5.4
To prove Theorem 5.4, we need the following theorem.
Theorem 5.7 (Kida [22], Ferrero [5]). Let X be the Iwasawa module associ-
ated to the cyclotomic Z2-extension k∞/k of an imaginary quadratic field k =
Q(
√−m) with odd square free integer m ≥ 3. Then, we have
X '
{
Z⊕λ2 : m ≡ 3 (mod 4 )
Z⊕λ2 ⊕ Z/2Z : m ≡ 1 (mod 4 )
as Z2-mudule with
λ = λ(k∞/k) = −1 +
∑
p : prime divisor of m
2−3+v2(p
2−1) ,
where v2 is the additive valuation of Z2 satisfying v2(2) = 1.
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Proof of Theorem 5.4. Let k = Q(√−q1q2q3) or Q(√−q1q2) be the imaginary
quadratic field as in the statement of Theorem 5.4. Without loss of generality, we
may assume that
(q1
q2
)
= −1. We know that the genus fields are
kG =
{
Q(
√−q1,√−q2,√−q3, ) : k = Q(√−q1q2q3)
Q(
√−1,√−q1,√−q2, ) : k = Q(√−q1q2) .
In each cases, k(√−q1)/k is an unramified quadratic extension. Let Qn(√−q1)
be the n-th layer of the cyclotomic Z2-extension of Q(
√−q1). Since Q(√−q1)
has odd class number and only one prime ideal above 2, we know that Qn(
√−q1)
has odd class number for all n ≥ 0, by Theorem 2.2.
Lemma 5.8. −1 6∈ Nk(√−q1)/   (√−q1)k(
√−q1)×
Proof. Assume that −1 ∈ Nk(√−q1)/   (√−q1)k(
√−q1)×. We put a number
q =
{
q3 : k = Q(
√−q1q2q3)
1 : k = Q(
√−q1q2) .
Since k(
√−q1) = Q(√−q1,√q2q), we have
−1 = Nk(√−q1)/   (√−q1)(α + β
√
q2q) = α
2 − q2qβ2
for some α, β ∈ Q(√−q1). By the assumption, q2 splits in Q(√−q1), so that we
fix an embedding Q(
√−q1) ⊂ Qq2 by the completion at a place above q2. Let v
be the additive valuation of Qq2 with v(q2) = 1. By regarding α, β ∈ Qq2 , we
have v(α2) = 2v(α) ∈ 2Z and v(−q2qβ2) = v(q2β2) = 1 + 2v(β) ∈ 1 + 2Z.
Then, v(α2) 6= v(−q2qβ2) 6= 0, so that
0 = v(−1) = v(α2 − q2qβ2) = min{ v(α2), v(−q2qβ2) }
= v(α2) < v(−q2qβ2).
Therefore, we know α ∈ Z×q2 and β ∈ Zq2 . By the above equation, we have
−1 ≡ α2 ≡ z2 (mod q2 )
for some z ∈ Z, i.e.
(−1
q2
)
= 1. This is contradiction since q2 ≡ 3 (mod 8 ).
Then, we obtain the claim.
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It is well known that E(Q) = N   n/   E(Qn) for each n ≥ 1. Then −1 =
N   n/   εn = N   n(
√−q1)/   (
√−q1) εn for some εn ∈ E(Qn) ⊂ E(Qn(
√−q1)). Now,
we assume that εn = Nkn(√−q1)/   n(√−q1)αn for some αn ∈ kn(
√−q1)×, i.e.,
εn ∈ Nkn(√−q1)/   n(√−q1)kn(
√−q1)×. So that
−1 = N
 
n(
√−q1)/   (
√−q1) εn
= N
  n(
√−q1)/   (
√−q1)Nkn(
√−q1)/   n(
√−q1)αn
= Nkn(
√−q1)/   (
√−q1)αn
= Nk(√−q1)/   (
√−q1)Nkn(
√−q1)/k(
√−q1)αn
∈ Nk(√−q1)/   (√−q1)k(
√−q1)×.
This contradicts Lemma 5.8. Then, we have
εn 6∈ Nkn(√−q1)/   n(√−q1)kn(
√−q1)×,
i.e.,
en = [E(Qn(
√−q1)) : E(Qn(
√−q1)) ∩ Nkn(√−q1)/   n(√−q1)kn(
√−q1)×] ≥ 2
for all n ≥ 1.
We denote by tn the number of the prime ideals of Qn(
√−q1) which are
ramified in kn(
√−q1). By the assumption, the prime ideals above q2 ( and q3
if k = Q(
√−q1q2q3) ) do not split in Qn/Q, and split in Qn(√−q1)/Qn for each
n ≥ 1. On the other hand, the prime number 2 does not split in Qn(√−q1)/Q.
For each n, the primes of Qn(
√−q1) which are ramified in kn(√−q1) are only
the prime ideals above
q2 and q3 if k = Q(
√−q1q2q3),
2 and q2 if k = Q(
√−q1q2).
Then, we have
tn =
{
4 : k = Q(
√−q1q2q3)
3 : k = Q(
√−q1q2)
for all n ≥ 1. By applying Theorem 2.5 for kn(√−q1)/Qn(√−q1), we have
2 rankA(kn(
√−q1)) =
2tn−1
en
≤ 2tn−2,
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i.e.,
rank A(kn(
√−q1)) ≤ tn − 2 =
{
2 : k = Q(
√−q1q2q3)
1 : k = Q(
√−q1q2) .
for all n ≥ 1.
Now, we put the maximal subgroup H = Gal(L(k∞)/k∞(√−q1)) of the Ga-
lois group G = Gal(L(k∞)/k∞). By Theorem 5.7, we have
Gab ' X '
{
Z2 × Z2 : k = Q(√−q1q2q3)
Z/2Z × Z2 : k = Q(√−q1q2) .
Since Hab ' lim←−A(kn(
√−q1)) and the image of the natural map Hab → Gab is
the maximal subgroup of X, then we have
rank Hab =
{
2 : k = Q(
√−q1q2q3)
1 : k = Q(
√−q1q2) .
By Proposition 5.5 and Proposition 5.6, we complete the proof of Theorem 5.4.
5.4 Further consideration
Let k = Q(
√−q1q2q3) be the imaginary quadratic field treated in Theorem 5.4.
Since prime number 2 is inert in k/Q, the cyclotomic Z2-extension k∞/k is totally
ramified, so that the 2-class field tower of kn is abelian for all n ≥ 0. Now,
put the other imaginary quadratic field k′ = Q(
√−2q1q2q3) which is contained
in k1. Since the genus field is k′G = Q(
√
2,
√−q1,√−q2,√−q3), the extension
k1/k
′ is unramified, i.e., the cyclotomic Z2-extension k∞/k′ is not totally ramified.
Furthermore, we have L(k′) = L(k1) = L(k1). By Theorem 2.4, we can see that
the 2-class group A(k′) ' (2, 2, 2m) for some m ≥ 1, and
A(k′) ' (2, 2, 2)⇔
(q2
q1
)
=
(q3
q2
)
=
(q1
q3
)
⇔ A(k) ' (2, 2).
Then, by Proposition 5.3, the 2-class field tower of k′ is not abelian, and A(L(k′))
is not cyclic. The 2-class field tower of k′ is matabelian.
Let k be a finite extension of Q, and Gal(L(k)/k) be the Galois group of the
p-class field tower of k. The following conjecture was presented by J. M. Fontaine
and B. Mazur ( cf. [27], [40], etc. ).
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Fontaine-Mazur conjecture . The image of any p-adic representation
Gal(L(k)/k) → GLn(Qp)
is finite, i.e., there is no infinite p-adic analytic unramified pro-p-extension over
finite extension k of Q ?
Under the above conjecture, it seems that Gal(L(k)/k) can not be infinite p-
adic analytic. However, for some infinite extensions K of Q, the Galois group
Gal(L(K)/K) can be infinite p-adic analytic, since there are some cyclotomic
Zp-extensions k∞/k with G = Gal(L(k∞)/k∞) ' Zp. Furthermore, by The-
orem 5.4, we have some cyclotomic Z2-extensions k∞/k such that the Galois
group G = Gal(L(k∞)/k∞) becomes infinite ‘non-cyclic’ abelian 2-adic analytic
group, Z2 × Z2 and Z/2Z × Z2. However, for the case p 6= 2, we have not ob-
tained any examples of Zp-extension k∞/k such that G = Gal(L(k∞)/k∞) is
infinite ‘non-cyclic’ abelian. Then, we have the following question.
Question 5.9. In the case p 6= 2, do there exist any cyclotomic Zp-extensions
k∞/k such that the Galois group G = Gal(L(k∞)/k∞) becomes infinite ‘non-
cyclic’ abelian ( p-adic analytic ) group ?
By (3.9.15) Theorem in [27], we can see that Z2 × Z2 is ‘abelian’ Demusˇkin
pro-2-group. The Demusˇkin pro-p-group is precisely a Poincare´ pro-p-group of
dimension 2. It is known that Z/2Z is the only finite Demusˇkin group ( cf.
(3.9.10) Proposition in [27] ). We already know that the Galois group G =
Gal(L(k∞)/k∞) can be Z/2Z for some Z2-extensions k∞/k. Now, we have the
following question.
Question 5.10. Do there exist any Zp-extensions k∞/k such that the Galois group
G = Gal(L(k∞)/k∞) becomes infinite ‘non-abelian’ p-adic analytic group or
Poincare´ pro-p-group, especially Demusˇkin pro-p-group ?
Note that any quotient groups of a p-adic analytic group are also p-adic analytic
groups. Then, if the Galois group G = Gal(L(k∞)/k∞) is p-adic analytic and the
Fontaine-Mazur conjecture holds for all n-th layer kn, then the p-class field tower
of kn must be finite for all n.
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